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Abstract 

This  research  presents  a  sequential  goodness  of  fit  test  for  the  three-parameter  gamma  dis¬ 
tribution  with  a  known  shape.  The  test  is  accomplished  by  employing  the  two  new  tests,  sam¬ 
ple  skewness  and  sample  kurtosis,  sequentially  as  test  statistics.  Unlike  the  typical  goodness  of 
fits  using  parameter  estimation  methods  such  as  MLE  (maximum  likelihood  estimation)  and  MD 
(minimum  distance  estimation).  This  sequential  goodness  of  fit  tests  using  two  test  statistics  above 
do  not  involve  a  substantial  degree  of  computational  complexity.  Critical  values  are  obtained  us¬ 
ing  large  Monte  Carlo  simulations,  which  use  ‘percentile’  function,  for  shapes  of  0.5(0.5)4.0  and 
sample  sizes  of  5(5)50.  Attained  significance  levels  for  all  combinations  of  the  two  tests  between 
a  =  0.01(0.01)0.20  are  also  approximated  with  Monte  Carlo  simulations.  Extensive  power  studies 
are  then  conducted  against  two  sets  of  alternatives.  One  is  against  common  alternative  distribu¬ 
tions  and  the  other  is  comparative  study  whose  competitor  are  popular  EDF  test  statistics  such  as 
the  Anderson-Darling,  Cramer-von  Mises,  and  Komogrov-Smirove  tests. 

The  power  of  the  sequential  test  for  the  comparative  study  demonstrated  superiority  over  a 
broad  range  of  alternatives.  For  the  alternatives  that  greatly  differ  in  shape,  the  power  is  outstand¬ 
ing,  while  the  power  for  the  alternatives  that  are  not  differing  greatly  in  shape  revealed  lower  power 
relatively.  However,  the  powers  itself  for  the  sequential  test  are  still  acceptable.  For  small  sample 
sizes,  the  achievement  of  the  high  power  can  be  seen  over  a  variety  of  alternative  distributions 
considered.  Tables  of  power  comparison  for  individual  test  statistics  are  presented  to  help  reader 
understand  the  behavior  of  the  sequential  test  and  to  inform  how  to  choose  the  significance  level 
for  each  test  efficiently.  A  directional  variant  of  the  sequential  test  is  explored  to  show  that,  with 
the  selection  of  an  appropriate  tail  for  each  test,  the  power  of  the  sequential  test  can  improve. 
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A  New  Sequential  Goodness  of  Fit  Test  for  the  Three-Parameter  Gamma 
Distribution  with  Known  Shape  Based  on  Skewness  and  Kurtosis 


L  INTRODUCTION 

1,1  Background 

Modern  society  has  been  developing  new  technology  very  rapidly.  While  this  technology 
contributes  to  the  improvement  of  the  level  of  living,  it  also  poses  a  threat  to  the  well  being  of 
the  human  beings  who  use  it.  Therefore,  studies  striving  to  enhance  human  safety  in  the  face 
of  such  threats  have  been  carried  out  over  scores  of  years.  Even  with  all  these  efforts,  recent 
tragedies  associated  with  nuclear  power  plant  operation  such  as  Chernobyl,  Russia  in  1986  as 
well  as  the  incident  at  Three  Mile  Island  in  Harrisburg,  Pennsylvania  in  1979,  demonstrates  the 
critical  role  reliability  and  maintainability  (R  &  M)  of  such  systems  should  play  in  our  lives.  As 
a  result,  major  efforts  to  enhance  the  reliability  of  electronic  components  and  maintainability  of 
the  systems  have  been  initiated  over  the  past  decades.  No  doubt,  such  efforts  will  only  grow  in 
number  and  importance  as  time  goes  on.  New  approaches  to  component  and  system  reliability  will 
be  required  before  the  next  generation  of  technology  is  produced.  These  approaches  are  certain 
to  involve  a  breakdown  of  traditional  barriers  between  reliability  physicists,  component  designers, 
and  production  engineers. 

Countless  numbers  of  research  projects  have  been  undertaken  involving  thousands  of  engi¬ 
neers.  Modern  systems  are,  however,  so  complex  that  one  cannot  obtain  the  result  one  seeks  by 
using  a  purely  analytical  approach.  Therefore,  many  diflFerent  approaches  must  be  studied  and 
employed  to  understand  the  operation  of  any  exceedingly  complex  system.  One  important  means 
is  to  employ  a  statistical  model  to  investigate  the  failure  rate  of  such  systems  or  the  components  of 
any  system  during  their  operational  life.  Many  statisticians  have  contributed  to  this  field  of  study. 
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The  gamma  family  of  distributions  is  widely  used  and  plays  an  important  role  in  reliability  study 
and  life  span  analysis  as  Weibull,  beta,  exponential,  and  lognormal  distributions  do. 

Analysts  and  statisticians  are  frequently  confronted  with  the  problem  of  assessing  agreement 
between  a  theoretical  probability  model  and  empirical  observations.  Goodness  of  fit  tests  address 
this  problem  and  are  typically  used  to  determine  if  a  particular  theoretical  probability  model 
is  consistent  with  empirical  observations.  This  is  accomplished  by  computing  a  statistic,  which  is 
utilized  to  evaluate  the  differences  between  the  sample  and  the  hypothesized  theoretical  distribution. 
During  evaluation  if  there  seems  to  be  a  good  fit  between  a  histogram  of  the  observed  data  and 
some  hypothesized  probability  distribution,  then  the  hypothesis  that  the  data  originate  from  a 
population  characterized  by  this  family  of  distribution  is  accepted. 

There  are  four  basic  steps  [4]  that  facilitate  the  development  of  a  useful  model  leading  to  the 
application  of  a  goodness  of  fit  test.  These  are  as  follows: 

1.  Collect  data  on  the  real  system  being  analyzed  {data  collection). 

2.  Identify  or  hypothesize  a  probability  distribution  or  family  of  distributions  to  fit  the  data 
collected  {identifying  the  underlying  statistical  distribution). 

3.  Estimate  the  parameters  of  the  hypothesized  probability  distribution  {estimating  the  param¬ 
eters)  . 

4.  Conduct  a  goodness  of  fit  test  to  determine  whether  or  not  the  selected  distribution  and  as¬ 
sociated  parameters  chosen  represent  the  data  effectively  and  accurately  {testing  for  goodness 
of  fit). 

There  are  several  kinds  of  goodness  of  fit  tests  available  which  vary  in  power.  In  selecting  a 
test,  the  analyst  will  usually  opt  for  the  one  that  provides  him  the  highest  power,  defined  to  be  the 
probability  of  correctly  rejecting  the  null  hypothesis  when  it  is  false  [78:  455].  A  test  which  has  high 
power  when  any  particular  distribution  is  hypothesized  to  fit  the  data  can  properly  discriminate 
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between  that  distribution  and  variable  alternatives.  Finding  a  test  that  can  demonstrate  the  highest 
power  to  analyze  any  given  set  of  data  is  the  analyst’s  goal. 

Several  statisticians  have  studied  and  developed  goodness  of  fit  tests  for  the  gamma  distri¬ 
bution  and  many  other  different  distributions.  In  general,  for  skewed  distributions  such  as  the 
gamma,  Weibull,  lognormal,  and  inverse  Gaussian;  Cohen  and  Whitten  point  out  the  important 
role  these  distributions  play  in  the  analysis  of  sample  data  originating  from  the  study  of  life  span, 
reaction  time,  reliability,  survivor  and  related  studies  [14].  James  [40]  emphasized  the  flexibil¬ 
ity  of  the  gamma  distribution  to  describe  a  mixture  of  chance  and  wear-out  failure.  Kapur  and 
Lamberson  [46],  Law  and  Kelton  [49],  Scheaffer  and  Mcclave  [67],  Hogg  and  Ledolter  [37],  and 
Ireson  [39],  have  listed  some  numerical  examples  and  illustrated  the  appropriate  use  of  the  distri¬ 
bution  in  the  areas  mentioned  above  (e.g.,  time-to-failure  distribution  of  electrical,  mechanical,  and 
electro-mechanical  systems). 

Recently,  Viviano  [77]  and  Ozmen  [76]  presented  a  goodness  of  fit  test  for  the  gamma  distribu¬ 
tion.  Viviano  used  Maximum  Likelihood  Estimation  (MLE).  Ozmen  uses  both  MLE  and  Minimum 
Distance  Estimation  (MD).  Coppa  [25]  developed  a  goodness  of  fit  test  using  ‘Z’  test  statistic, 
based  on  the  spacing  between  adjacent  order  statistics  for  the  Weibull  distribution.  Crown  [16] 
presented  a  new  goodness  of  fit  test  for  the  Weibull  distribution.  In  his  research,  he  used  minimum 
distance  estimation  to  obtain  a  location  parameter.  Onen  [57]  conducted  several  modified  good¬ 
ness  of  fit  test  by  applying  Kolmogorov-Smirnov  (K-S)  and  Kuipur  empirical  distribution  function 
(EDF)  statistics  to  the  Cauchy  distribution.  Clough  [12]  developed  a  new  sequential  goodness  of  fit 
test  for  the  Weibull  distribution  based  on  third  moment  (skewness)  and  forth  moment  (kurtosis). 
He  proved  that  the  moment-based  sequential  procedure  provides  a  computationally  simple  means 
of  testing  for  three-parameter  known  shape  Weibull  distributions  and  demonstrates  notably  higher 
power  as  compared  to  a  variety  of  the  more  complex  EDF  tests  commonly  in  use  today. 
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This  research  will  focus  on  developing  a  sequential  goodness  of  fit  test  of  the  gamma  dis¬ 
tribution  based  on  third  and  forth  moment,  skewness  and  kurtosis  respectively.  By  employing 
Monte  Carlo  simulation  and  by  making  a  study  of  its  statistical  power,  Matlab  software  (statistical 
toolbox)  will  be  utilized  to  generate  critical  values,  obtain  significance  levels,  and  compute  and 
document  the  power  of  each  test. 

1,2  Objective 

The  purpose  of  this  research  is  to  develop,  implement,  and  analyze  a  new  sequential  moment- 
based  goodness  of  fit  test  for  the  gamma  distribution  with  unknown  scale  and  location  parameters 
but  known  shape  parameter.  The  third  and  fourth  standardized  sample  moments  of  the  data  will 
be  utilized  for  this  goodness  of  fit  for  the  gamma  distribution. 

The  sequential  procedure  (steps  1  and  2  can  be  interchanged)  to  be  employed  is  as  follows  [12]: 

1.  Use  the  sample  skewness  for  the  first  test. 

2.  Use  the  sample  kurtosis  for  the  second  test. 

3.  If  the  sample  chosen  for  the  test  passes  both  tests  it  is  said  to  pass  the  sequential  test. 

The  goal  of  the  sequential  test  is  to  validate  that  the  test  is  applicable  to  a  broad  range  of 
alternate  distributions  and  more  powerful  than  those  in  use  today. 
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IL  LITERATURE  REVIEW 


The  sequential  goodness  of  fit  tests  for  the  three-parameter  gamma  distribution  based  on  third  and 
fourth  moments  is  considered.  A  review  for  some  subjects  associated  with  this  sequential  goodness 
of  fit  test  will  be  explored  in  this  chapter.  The  reason  of  this  review  is  to  help  readers  understand 
the  concept  of  the  sequential  test.  The  scope  of  this  literature  review  is  confined  to  the  three- 
parameter  gamma  distribution,  parameter  estimation,  skewness  and  kurtosis,  and  goodness  of  fit 
tests. 

2J  Gamma  Distribution 

The  gamma  distribution,  also  known  as  the  Pearson  Type  III  distribution,  is  skewed  to 
the  right  and  has  been  used  extensively  in  reliability  and  life  testing  as  well  as  in  various  other 
applications  such  as  the  time-to-failure  distribution  of  electrical,  mechanical,  and  electro-mechanical 
systems  [42]. 


Figure  2.1  The  Gamma  PDF  with  /3  =  1, 2, 3,  and  4,  0  =  1  and  (5  =  0 

2.1.1  Gamma  Probability  Density  Function  (PDF).  In  its  most  general  form  the  gamma 
distribution  has  three  parameters:  a  shape  parameter  (3,  a  scale  parameter  6,  and  a  location 
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(threshold)  parameter  S,  Its  probability  density  function  is 


H-AM  =  ^  [-  (^)]  >  0.  (2.1) 

The  gamma  distribution  is  a  positively  skewed  distribution  for  small  values  of  the  shape  parameter 
and  it  is  close  to  symmetric  for  large  values  of  the  shape  parameter.  The  expression  r(/?)  denotes 
the  gamma  function,  defined  as 

rOO 

r{P)  =  /  dx. 

Jo 

Gamma  density  functions  are  drawn  for  integer  and  non-integer  shape  values  as  shown  in  Figures 
2,1  and  2.2. 
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zero,  as  is  often  the  case,  the  three-parameter  gamma  distribution  reduces  to  the  two-parameter 
gamma  distribution  with  PDF 


^  (1)” [' (I)] . » a ^ » 


(2.3) 


and  CDF 

G{x;0,^)=  f  g{y)dy,  (2.4) 

JQ 

Note  that  the  integral  x^~^e~'^dx  which  defines  T{x)  is  convergent  for  every  positive  x  but 
not  convergent  for  any  other  real  x.  Thus,  the  CDF  has  no  closed  form  solution  other  than  every 
positive  integer  x  [49:  332],  but  it  can  be  evaluated  with  the  aid  of  a  table  of  the  incomplete  gamma 
function  [59]. 

The  standard  form  of  the  distribution  is  obtained  by  putting  9  =  1  and  J  =  0,  giving 


f{x](i)  =  { 


r(/3) 

0 


a;  >  0;  /3  >  0 
otherwise 


2 A. 4  Applications.  The  gamma  distribution  provides  useful  representations  of  many 
physical  phenomena  as  the  shape  parameter  changes.  Special  cases  of  the  gamma  distribution 
include  the  exponential,  the  Erlang,  the  chi-squared,  and  the  normal  distribution. 

When  /3  =  1,  the  PDF  becomes  the  exponential  PDF,  often  used  to  model  component  and 
system  life  and  reliability  [70].  The  exponential  distribution  is  characterized  by  a  constant  hazard 
rate,  so  the  exponential  model  is  appropriate  when  the  hazard  rate  is  independent  of  the  age  of  the 
component  or  system.  Moreover,  Drenick  [24]  has  pointed  out  that  under  some  reasonably  general 
conditions,  the  distribution  of  time  between  failures  tends  to  the  exponential  as  the  complexity  and 
the  time  of  operation  increase.  However,  there  remain  situations  in  which  the  exponential  model  is 
not  realistic,  and  gamma  models  maybe  be  more  appropriate.  The  lives  of  components  and  systems. 
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like  human  life,  often  have  a  bathtub-shaped  hazard  rate  function  with  high  infant  mortality  rate, 
first  decreasing,  then  remaining  constant  or  almost  so  during  a  long  period  of  useful  life,  and  finally 
increasing  again  with  the  onset  of  wear-out.  The  exponential  distribution  can  be  used  to  model 
only  the  central  portion  of  the  bathtub  curve.  The  gamma  distribution,  however,  can  be  used  to 
model  all  three  parts,  since  a  decreasing,  constant,  and  increasing  hazard  rate  correspond  to  a 
shape  parameter  less  than,  equal  to,  or  greater  than  one,  respectively  [34]. 

For  the  life  of  a  device,  To  is  the  sum  of  the  /3  life  lengths,  Ti ,  r2 , . . . ,  of  its  component  units. 

That  is,  Td  =  Ti  H - hTp  is  called  the  Erlang  {P)  distribution.  Note  that  each  component  unit 

is  exponentially  distributed.  The  Erlang  distribution  (Tjd)  is  a  special  case  of  gamma  distributions 
when  /?  is  a  positive  integer.  The  PDF  of  the  Erlang  distribution  is 

=  (/?  —  1)\0^  0  <t  <  00,  P  £  {1,2,3, . . .} 

and  the  CDF  is 


iP 


1 

- 1)!^^  Jo 


^  exp{—x/0)  dx 


0-1 


3=0  •'* 


Notice  that  the  exponential  PDF  is  a  special  case  of  the  Erlang  for  /?  =  1. 

The  two-parameter  gamma  distribution  with  scale  parameter  0  =  2  is  a  chi-squared  distri¬ 
bution  with  2j0  degrees  of  freedom.  The  chi-squared  distribution  is  important  because  it  is  the 
basis  for  a  number  of  procedures  in  statistical  inference.  The  reason  for  this  is  that  chi-squared 
distributions  are  intimately  related  to  normal  distributions  [41:  172]. 

The  gamma  distribution  is  positively  skewed  for  all  finite  values  of  the  shape  parameter,  but 
as  p  increases,  the  shape  of  the  curve  becomes  similar  to  the  normal  probability  density  curve. 
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Figure  2.3  Graphs  of  Distributions  with  u  =  2P  {P  =  0.5, 1, 1.5,  and  2). 

One  of  the  most  important  characteristics  of  the  gamma  distribution  is  its  “reproductive 
property”:  If  Xi  and  X2  are  independent  random  variables  with  gamma  distributions 
f{Xi ;  jSi ,  0)  and  /(X2 ;  /?2 ,  ,  (^1  +  X2)  also  has  a  gamma  distribution  with  parameters 

(^1  H-  P2)  and  6.  As  the  parameter  (Pi  +  P2)  increases,  the  shape  of  the  distribution 
becomes  similar  to  that  of  the  normal  distribution  [64:  43]. 

2,2  Parameter  Estimation 

In  the  real  world  it  is  impossible  to  get  true  values  for  the  parameters  of  the  hypothesized 
distribution.  There  is  no  choice  but  to  acquire  parameter  estimates  from  sample  data.  Parameter 
estimation  is  a  discipline  that  provides  tools  for  the  efficient  use  of  data  in  the  estimation  of 
constants  appearing  in  mathematical  models  and  for  aiding  in  the  modeling  of  phenomena  [5]  and 
fundamental  steps  in  many  goodness  of  fit  techniques.  Much  research  has  been  done  in  the  areas 
of  parameter  estimation  and  there  are  a  variety  of  methods.  Maximum  likelihood  (ML),  minimum 
distance  (MD),  method  of  moments  (MOM),  Bayes,  least  squares,  and  minimum  chi-squared  are 
more  well  known  methods.  Some  of  these  methods  will  be  reviewed  briefly  in  this  project  [53:  73- 
288]. 


2.2.1  Maximum  Likelihood  Estimation  (MLE).  The  method  of  ML  is  one  of  the  most 
important  general  methods  of  estimation  so  far  known.  The  method  was  known  and  used  by  Gauss 
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in  his  development  of  the  theory  of  least  squares,  but  the  technique  was  not  formalized  until  Fisher 
introduced  it  in  1912.  Since  then,  the  technique  has  undergone  further  development  and  has  played 
a  fundamental  role  in  the  theory  of  estimation  with  extensive  use  [23:  135].  The  likelihood  function 
tells  us  how  likely  the  observed  sample  is  as  a  function  of  the  possible  parameter  values  [41:  266]. 

For  a  random  sample  X  from  a  gamma  distribution  with  location  parameter  5  >  0,  scale 
parameter  6,  and  shape  parameter  which  has  PDF  and  CDF  given  by  equations  (2.1)  and 
(2.2)  respectively;  the  natural  logarithm  of  the  likelihood  function  of  the  (m  —  r)  order  statistics 
Xr+i,  0:^+2 >  •  •  •  j  of  a  sample  of  size  n  is  given  by 

=  Inn!  —  nln(n  —  m)!  —  Inr!  ~  nlnr(/9)  —  (m  —  r)/91n^ 

n  m 

+  (^  - 1)  X]  -  <5)  -  <5)/^ 

i=r+l  i=r+l 

+  (n  -  m)  ln{r(/9)  -  T\P\  {xm  -  ^)/^]}  +  r*  In  T\j3\  (xr+i  -  S)/0]  (2.5) 

where  r(^;  z)  =  exp(“t)  dt  is  the  incomplete  gamma  function.  The  MLE’s  are  obtained  by 

equating  to  zero  the  partial  derivatives  of  L  =  Lr+i,m  with  respect  to  each  of  the  three  parameters, 
which  are  given  by 

=  -{m  -  r)P/0  +  53  (aJi  -  S)/e‘^ 

+  (n  -  m){xm  -  SY  exp[-(xm  -  5)10]!^'^^ {r{P)  -  r[/9;  {xm  -  S)I0]} 

-  r(,Xr+i  -  Sf  exp[-(xr+i  -  S)/0]/0'^+^m  (xr+i  -  6)/0]  (2.6) 

n 

— (m  —  r)  In^  +  ln(a;i  —  J)  —  nT\l3)/r(/3) 

i=:r+l 

+  {n-  m){T'{l3)  -  r'[/?;  (xm  -  S)/0]}{r(fi)  -  r[/3;  (x^  -  6)10]} 

+  rV\j3-,  (x.+i  -  6)l0]ir\p-,  {xr+i  -  5)/0]  (2.7) 

f) 

■^L  =  (1- 13)  {xi-5)~^ +  (m-r)/0 

i—r-j-l 
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+  (n  -  m)(x™  -  5)exp[-{xra  -  <J)/^]/^{r(/?)  -  m  -  5)/^]} 
-  r(x™+i  -  <5)^-‘  exp[-(xr+i  -  S)/9]/e^m  (x.+i  -  S)/e] 


(2.8) 


where  the  primes  in  equation  (2.7)  indicate  differentiation  with  respect  to  p  [32]. 

The  method  of  MLE  has  been  applied  to  the  problem  of  estimating  the  parameters  of  the 
gamma  distribution  by  a  large  number  of  authors,  including  Fisher;  Masuyama  and  Kuroiwa  (1951); 
Des  Raj  (1953);  Chapman  (1956);  Greenwood  and  Durand  (1960);  Wilk,  Gnanadesikan  and  Huyett 
(1962);  Mickey,  Mundle,  Walker  and  Glinski  (1963);  Harter  and  Moore  (1965b,  1967b);  Kappenman 
(1982);  and  Bowman  and  Shenton  (1983). 

Fisher  showed  that  for  estimating  the  parameters  of  a  Pearson  Type  III  postulation,  except 
when  it  closely  approximates  normality,  the  method  of  moments  is  inefBcient  and  he  recommended 
use  of  the  method  of  ML  [27].  Harter  and  Moore  [32]  described  an  iterative  method  to  obtain 
the  MLEs  of  the  parameters  of  the  gamma  population  from  complete  and  censored  samples  under 
the  restriction  that  the  location  parameter  is  greater  than  or  equal  to  zero.  Later,  Harter  and 
Moore  [33]  gave  the  information  matrix  for  doubly  censored  samples  from  the  three-parameter 
gamma  distribution,  inverted  it  to  obtain  expressions  for  the  asymptotic  variances  and  covariances 
of  6,  /3,and  J,  and  tabulated  the  latter  for  /3  =  1, 2, 3  and  sample  proportions  qi  =  0.00(0.05)0.25 
and  q2  =  0.00(0.25)0.75  censored  on  the  left  and  on  the  right,  respectively.  Although  iterative 
procedures  are  required  to  find  the  MLEs  of  the  parameters  of  the  gamma  distribution  in  the 
general  case,  closed  form  expressions  are  available  for  estimation  of  the  parameter  of  the  one- 
parameter  exponential  distribution  (the  two-parameter  gamma  distribution  with  shape  parameter 
/?:=!).  The  ML  estimator  based  on  the  first  m  order  statistics  of  a  sample  size  n  was  given  by 
Epstein  and  Sobel  as 

Omn  =  [i^i  +  a:2  +  *  •  •  +  Xm  +  (ri  -  m)xm]/m 

This  estimator  is  identical  to  the  best  linear  unbiased  estimator  given  by  Sarhan  and  Greenberg  [48]. 
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Johnnson  and  Kotz  [43]  point  out  the  difficulty  in  finding  the  MLEs  when  (3  is  near  to  one. 
They  recommend  the  use  of  MLE  when  P  >  2.5.  Obviously  when  <  1,  the  MLE  for  S  is  the 
minimum  ordered  sample,  ar(i) ,  and  0  and  j3  have  no  MLEs;  the  likelihood  function  goes  to  infinity 
as  X  ^  J. 

Woodruff  and  Moore  [80:  113-120]  used  MLE  for  the  location  and  scale  parameters  of  the 
Weibull  distribution.  Viviano  [77]  presented  a  thesis  on  goodness  of  fit  for  the  gamma  distribution 
by  using  the  MLE’s  of  the  location  and  scale  parameters.  Kappenman  [45]  developed  a  procedure 
that  consists  of  computing  the  logarithm  of  the  ratio  of  the  maximized  gamma  likelihood  function 
to  the  maximized  Weibull  likelihood  function  and  selecting  the  gamma  model,  if  and  only  if,  the 
logarithm  is  positive.  He  obtained  the  maximized  gamma  likelihood  function  by  replacing  the 
parameters  in  the  gamma  likelihood  function  with  their  MLEs. 

For  the  two-parameter  gamma  distribution.  Bowman  and  Shenton  [8]  described  a  new  algo¬ 
rithm  for  the  evaluation  of  the  MLEs  of  the  gamma  density.  Recently,  Rosaiah  et  al.  [62]  studied 
optimum  class  limits  for  MLE  in  a  two-parameter  gamma  distribution  from  grouped  data. 

For  three-parameter  cases,  Cohen  and  Whitten  [13]  presented  an  article  modifying  MLEs. 
Their  approach  is  particularly  successful  for  1/4  <  /?  <  1,  but  becomes  less  effective  for  /?  >  1.  In 
1987,  Bowman  et  al.  [9]  introduced  a  new  algorithm  that  is  concerned  with  the  relationship  between 
simulation  and  estimation  problems  and  the  three  parameter  gamma  density.  Recently,  Hirose  [35] 
developed  a  MLE  scheme  for  the  three-parameter  gamma  distribution  using  the  reparametrized 
distribution  function  and  the  predictor-corrector  method.  He  showed  that  using  the  reparametrized 
gamma  distribution  is  superior  to  the  original  distribution  itself  in  searching  for  local  MLEs  and 
that  the  predictor-corrector  method  can  find  all  the  critical  points  of  the  likelihood  function  in  a 
certain  parameter  domain. 

The  excellent  statistical  properties  of  ML  estimators  make  them  a  popular  method  of  estima¬ 
tion.  The  properties  are  as  follows  [49]  [1]  [78]: 
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1.  For  most  of  the  common  distributions,  the  MLE  is  unique;  that  is,  there  exists  only  one  value 
that  maximizes  the  likelihood  function. 

2.  For  small  sizes  MLEs  may  be  biased,  however,  they  are  in  general  asymptotically  unbiased 
for  large  samples. 

3.  MLEs  are  asymptotically  normally  distributed. 

4.  MLEs  have  an  invariance  property  that  makes  this  method  of  estimation  particularly  at¬ 
tractive.  If  6  is  the  parameter  associated  with  a  distribution,  we  are  sometimes  interested  in 
estimating  some  function  of  0,  say,  t(^),  rather  than  0  itself.  This  t{6)  is  a  one-to-one  function 
of  0,  and  if  0  is  the  MLE  for  0,  then  the  MLE  of  t{0)  is  given  by 

5.  MLEs  are  strongly  consistent:  that  is,  lim  n->oo  ^ 

6.  If  U  is  any  sufficient  statistic  for  the  estimation  of  a  parameter  0,  including  the  sufficient 
statistic  obtained  from  the  optimal  use  of  the  factorization  criterion,  the  ML  estimator  is 
always  some  function  of  U,  That  is,  the  MLE  depends  on  the  sample  observations  only 
through  the  value  of  a  sufficient  statistic. 

2.2.2  Other  Estimation  Methods. 

2.2.2. 1  Minimum  Distance  Estimation  (MD).  A  variety  of  parameter  estimation 
methods  have  been  introduced  including  the  MLE.  The  MD  minimizes  the  distance  between  the 
hypothesized  CDF  values  of  the  sample  data  and  the  EDF.  The  CDF  values  come  from  a  param¬ 
eterized  family  of  theoretical  distribution  functions.  The  distance  between  the  CDF  and  EDF  is 
measured  by  a  goodness  of  fit  test  statistic.  The  parameter  is  adjusted  until  the  distance  reaches  the 
minimum  value.  By  iterations,  the  estimate  of  the  parameters  is  finally  obtained.  Wolfowitz  [79] 
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pioneered  MD  in  the  1950’s.  He  point  out  that  the  great  usefulness  of  the  minimum  distance 
method  is  that  in  a  broad  variety  of  problems,  it  provides  consistent  estimators  even  when  classical 
methods  (e.g,  ML)  fail  to  give  consistent  estimators.  A  consistent  estimator  converges  stochas¬ 
tically  to  its  parameter  value  with  probability  one.  The  research  on  MD  was  expanded  by  other 
statisticians.  Knusel  [47]  and  Parr  and  Schucany  [58]  investigated  MD  estimation  in  relation  to 
robustness.  Knusel  showed  that  MD  has  similar  robust  properties  as  the  MLEs.  “Robustness 
refers  to  an  estimation  procedure  that  is  good  for  a  broad  class  of  underlying  models,  but  which 
is  not  necessarily  the  best  estimation  procedure  for  any  one  model”  [36:  237].  Parr’s  work  on 
minimum  distance  and  robust  estimation  gave  Hobbs  et  al.  [36]  motivation  for  their  research  on 
MD  estimation  of  the  three  parameters  of  the  gamma  distribution,  Hobbs  et  al.  combined  the 
use  of  discriminants,  ML,  and  MD  techniques  and  especially  gave  attention  to  small  sample  sizes. 
Several  new  estimators  were  developed  of  which  six  incorporated  MD  estimation  for  determining 
the  location  parameter  or  guaranteed  life  with  the  remaining  parameters  estimated  by  ML.  All  the 
new  estimators  give  better  results  than  the  MLE  [36]. 

2.2.2,2  Method  of  Moment  (MOM).  Moment  estimators  proposed  by  Pearson, 
provide  one  of  the  oldest  and  simplest  general  methods  of  estimating  parameters  from  a  sample  [15: 
497-498], 

The  method  is  bcised  on  the  intuitive  idea  and  assumption  that  sample  moments  should 
be  good  estimates  of  the  corresponding  population  moments.  Because  of  its  simplicity, 
the  method  of  moments  is  especially  useful  in  situations  where  other  estimators  are 
bogged  down  by  mathematical  manipulative  difficulties  [26:  4], 

Method  of  moments  is  another  procedure  for  providing  an  estimate  of  a  parameter 
without  requiring  the  a  priori  knowledge  of  its  probability  density  function  although,  as 
in  the  case  of  maximum  likelihood  estimation,  a  conditional  probability  density  on  the 
observations  is  required.  It  yields  an  estimate,  which  is  not  necessarily  optimal  in  any 
sense.  Yet,  the  method  is  intuitively  appealing  due  to  its  simplicity  [56:  215-216]. 

The  fact  that  the  MOM  does  not  possess  desirable  asymptotic  properties  like  the  MLE  pre¬ 
vented  widespread  use  of  the  method.  Stacy  and  Mihram  [74]  derived  parameter  estimation  tech¬ 
niques  using  moment  estimator  for  the  three-parameter  generalization  of  the  gamma  distribution. 
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2.2.2.3  Maximum  Product  of  Spacings  (MPS)  Estimation.  The  method  of  ML  is 
not  always  satisfactory  estimates  of  parameter  for  certain  three-parameter  distributions  where  the 
density  is  positive  only  to  the  right  of  a  shifted  origin.  MPS  is  especially  suited  to  cases  where  one  of 
the  parameters  is  an  unknown  shifted  origin  [10].  For  the  three-parameter  gamma,  lognormal,  and 
Weibull  distributions,  it  is  known  that  MLE  can  break  down  since  the  likelihood  is  unbounded  and 
this  can  lead  to  inconsistent  estimators.  In  particular,  MPS  estimation  gives  consistent  estimators 
with  asymptotic  efficiency  equal  to  MLEs  when  these  exist.  Moreover  even  in  situations  where 
MLE  fails,  it  gives  consistent,  asymptotically  efficient  estimators. 

2.2. 2.4  Bayesian  Estimation.  Bayesian  estimators  and  ML  were  developed  and 
compared  for  the  three-parameter  Weibull  distribution  [72],  They  explored  a  number  of  alternative 
approaches  to  reduce  the  discrepancy  between  ML  and  Bayesian  analysis.  They  found  that  the 
Bayesian  approach  showed  the  best  solution  for  the  original  problem  of  inference  about  the  endpoint 
of  the  distribution. 

2.3  Skewness  and  Kurtosis 

Two  characteristics  of  distributions  that  play  an  important  role  in  determining  the  shape 
of  a  probability  density  function  are  skewness  and  kurtosis.  Skewness  is  a  lack  of  symmetry  in  a 
probability  distribution.  In  other  words,  if  more  of  the  probability  density  lies  to  one  side  of  the 
PDF,  it  is  considered  skewed  [12].  MacGillivray  (1986)  mentioned  that  the  relative  importance  of 
the  orderings  and  measures  (of  skewness)  depends  on  circumstances,  and  it  is  unlikely  that  any 
one  could  be  described  as  most  important.  Recently,  Groeneveld  studied  an  influence  function 
approach  to  describing  the  skewness  of  a  distribution.  He  suggested  that 

positive  skewness  should  be  thought  of  vaguely  as  a  location-free  and  scale-free  defor¬ 
mation  of  the  probability  mass  of  a  symmetric  distribution.  Mass  at  the  right  of  the 
median  is  moved  from  the  center  to  the  right  tail  of  the  distribution  and  mass  at  the  left 
of  the  median  is  moved  from  the  left  tail  to  the  center  (thus  preserving  scale)  [29:  101]. 
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The  concept  of  kurtosis  can  be  found  in  statistics  textbooks  at  all  levels.  The  fundamental 
problem,  as  Bickel  and  Lehmann  [2]  noticed,  is  that  there  seems  to  be  no  universal  agreement  about 
the  meaning  and  interpretation  of  kurtosis.  An  easy  interpretation  goes  by  a  measure  of  dispersion 
around  the  two  values  //  +  cr.  It  is  an  inverse  measure  for  the  concentration  in  these  two  points. 
High  kurtosis,  therefore,  may  arise  in  two  situations  as  follows  [55]: 

•  concentration  of  probability  mass  near  /z  (corresponding  to  a  peaked  unimodal  distribution) 

•  concentration  of  probability  mass  in  the  tails  of  the  distribution 

Balanda  and  MacGillivray  [3]  reviewed  the  development  of  the  concept  of  kurtosis.  Their 
conclusion  is  that  it  is  best  to  define  kurtosis  vaguely  as  the  location-free  and  scale-free  movement 
of  probability  mass  from  the  shoulders  of  a  distribution  into  its  center  and  tails  and  to  recognize 
that  it  can  be  formalized  in  many  ways.  Also,  many  writers  have  sought  a  single  interpretation  of 
kurtosis,  calling  it  either  a  measure  of  peakedness  or  of  tail  weight.  Others  have  correctly  interpreted 
kurtosis  as  measuring  both  of  these  activities  [66].  Darlington  [21]  pointed  out  that  kurtosis  is  best 
described  not  as  a  measure  of  peakedness  versus  flatness,  as  can  be  seen  in  most  texts,  but  as  a 
measure  of  unimodality  versus  bimodality.  Chissom  [11:  22]  emphasized  that  much  more  weight 
must  be  placed  on  the  tails  of  the  distribution  in  the  determination  of  the  fourth  moment.  Johnson 
and  Kotz  [44]  mentioned  that  kurtosis  is  a  measure  of  deviation  from  normality  depending  on  the 
relative  frequency  of  values  either  near  the  mean  or  far  from  it  to  values  and  intermediate  distance 
from  the  mean.  A  large  number  of  alternate  measures  of  kurtosis  have  been  proposed.  Many  have 
been  designed  to  measure  only  peakedness  or  only  tail  weight  but  they  end  up  measuring  both. 

Let  f{x)  be  the  density  function  of  a  random  variable  X  which  is  said  to  be  normally  dis¬ 
tributed 

f{x)  =  ^  -00  <  X  <  +00,  -oo  <  ^  <  +00,  a  >  0 

v27r(T 
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(a)  Negative  Skewed  (b)  No  Skewed  (c)  Positive  Skewed 

Figure  2.4  Distributions  Differing  in  Skewness 

where  fi  and  a  are  the  mean  and  standard  deviation  respectively.  Then,  the  standardized  third 
and  fourth  central  moments  are 

E[X  - 
E{X-nf 

^3 

E{X-tiY 
[E{X-tiYf 
E{X-iiY 

where  E  is  the  expected  value  operator  and  and  measure  skewness  and  kurtosis  respectively. 

For  the  normal  distribution  skewness  is  zero  and  kurtosis  is  three.  The  nonnormality  of  a 
population  can  be  described  by  and  P2  values  differing  from  the  normal  values.  For  example, 
y/^  >  0  corresponds  to  skewness  to  the  right  and  <  0  corresponds  to  skewness  to  the  left. 
Figure  2.4  represents  distributions  with  various  skewness  values.  In  similar  fashion  for  kurtosis, 
Figure  2.5  depicts  a  normal  distribution  and  two  nonnormal  distributions;  One  is  heavier  but  one 
is  thicker  than  those  of  the  normal  (/?2  >  3).  These  distributions  also  tend  to  have  higher  peaks  in 
the  center  of  the  distribution  [18]. 

An  enormous  amount  of  effort  has  been  devoted  to  studies  for  skewness  and  kurtosis.  In 
1965,  the  role  of  tests  of  normality  in  modern  statistics  was  summarized  by  Shapiro  and  Wilk  [68]. 
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Figure  2.5  Distributions  Differing  in  Kurtosis 

Mardia  [51]  proposed  measures  of  multivariate  skewness  and  kurtosis  by  extending  certain  studies 
on  robustness  of  the  t  statistic  which  involve  measure  of  univariate  skewness  (/3i)  and  of  univariate 
kurtosis  (^2)*  He  found  that  Hottelling’s  is  more  sensitive  to  the  measure  of  skewness  than  to 
the  measure  of  kurtosis  in  the  study  for  the  eflPect  of  nonnormality  on  the  size  of  the  one-sample 
Hottelling’s  test.  Bowman  and  Shenton  [6]  studied  about  skewness  distribution  in  sampling  the 
Pearson  distribution.  They  showed  that  the  skewness  statistic  should  be  quite  useful  in  detecting 
discrepancies  of  Pearson  Type  I  distributions  from  normality,  and  applied  to  the  case  with  sample 
size  n  >  75.  It  is  less  successful  for  moderate  to  small  samples  in  detecting  discrepancies  such  as 
arise  from  distributions  near,  above  and  below,  the  Pearson  Type  III  gamma  line.  Pearson  and 
Hartley  [7]  used  the  sample  skewness  and  kurtosis  statistics  separately  to  test  the  null  hypothesis 
that  the  distribution  sampled  is  normal.  A  critical  study  of  the  relative  power  of  a  variety  of 
omnibus  and  directional  tests  of  departure  from  normality  for  samples  of  20,  50  and  100  is  provided 
by  D’Agostino  and  Pearson  [19].  The  skewness  and  kurtosis  statistics  are  in  general  correlated.  In 
other  words,  there  will  be  situations  in  which  y/bi  will  dominate  the  test  decision  about  normality 
with  62  playing  a  minor  role,  and  vice  versa  [20]. 

Royston  [65]  points  out  that  there  is  substantial  theoretical  and  practical  drawbacks  in  assess¬ 
ing  distribution  shape  with  both  the  conventional  measures  for  sample  skewness  and  kurtosis  [12]. 
Although  there  are  some  drawbacks  with  these  statistics,  D’Agostino  et  al.  [18]  showed  that  skew- 
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ness  and  kurtosis  statistics,  along  with  the  D’Agostino-Pearson  statistic  that  combines  these 
two  statistics,  have  been  shown  to  provide  powerful  and  informative  tests.  Unfortunately  their 
use  has  not  been  as  prevalent  as  their  usefulness.  Their  recommendation  is  that  for  all  sample 
sizes,  skewness  and  kurtosis  should  be  computed  and  examined  as  descriptive  statistics.  For  all 
sample  sizes  n  >  9,  tests  of  hypotheses  can  be  based  on  them.  In  particular,  for  n  >  50,  where  the 
ShapirO'Wilk  test  is  no  longer  available,  these  tests  and  the  if ^  test  are  the  tests  of  choice.  The 
justification  for  this  is  not  only  because  of  their  fine  power  but  also  because  of  the  information  they 
supply  on  nonnormality. 

2.4  Goodness  of  fit  tests 

Statistical  tests  that  determine  how  well  a  given  sample  of  data  agrees  with  a  given  distri¬ 
bution  are  simply  called  goodness  of  fit  tests.  In  other  words,  the  tests  provide  helpful  guidance 
for  evaluating  the  suitability  of  a  potential  probability  model  to  be  used  [20:  1]  [4:  375].  Graphical 
techniques  can  be  used  as  well  as  most  established  tests  (i.e.  formal  numerical  techniques).  Graphs 
can  help  reveal  departures  from  the  assumed  statistical  distributions  and  often  uncover  features  of 
the  data  that  were  totally  unanticipated  prior  to  the  analysis.  The  use  of  numerical  techniques  is 
often  essential  in  order  to  avoid  spurious  conclusions  that  might  have  been  brought  about  by  the 
use  of  graphical  techniques  alone  [20:  7].  In  most  applications  of  goodness  of  fit  techniques,  the 
null  hypothesis  (Hq)  can  be  a  simple  hypothesis  where  F(x)  is  specified  completely,  or  it  can  be 
a  composite  hypothesis  with  an  incomplete  specification  of  F{x),  The  alternative  hypothesis  (Ha) 
simply  states  that  Hq  is  false  [20:  Ij. 

The  major  focus  is  on  the  measure  of  agreement  of  the  data  with  the  null  hypothesis,  antici¬ 
pating  that  Ho  is  true.  Brief  procedures  for  a  goodness  of  fit  test  are 

1.  Specify  an  hypothesized  distribution. 
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2.  Specify  the  parameters  for  the  distribution  (if  the  parameters  of  this  distribution  are  unknown, 
as  is  usually  the  case,  estimate  parameters  from  the  data). 

3.  Calculate  the  goodness  of  fit  test  statistics. 

4.  Determine  the  significance  level. 

5.  Obtain  the  critical  values  for  the  significance  level  (Detailed  procedures  for  obtaining  critical 
values  will  be  given  in  the  following  chapter). 

6.  Accept  or  reject  Hq  by  comparing  the  test  statistic  value  obtained  to  the  critical  value  [16:  2-4]. 

Two  types  of  errors  (Type  I  or  a  and  Type  II  or  ^)  can  be  encountered  in  reaching  a  decision 
about  the  null  hypothesis. 

•  A  Type  I  error  occurs  if  Ho  is  rejected  when  Ho  is  true 

•  A  Type  II  error  occurs  if  Ho  is  accepted  when  Ho  is  false 

Thus,  a  and  P  measure  the  risk  associated  with  making  an  erroneous  decision  and  provide  practical 
measures  of  the  efficiency  of  a  test  of  hypothesis.  The  power  of  the  test,  denoted  by  (1  —  ^),  is  the 
probability  of  rejecting  the  null  hypothesis  when  it  is  indeed  false  [25:  1-4].  We  will  consider  power 
study  further  in  the  following  chapter. 

The  study  of  goodness  of  fit  tests  has  been  developed  by  a  large  number  of  statisticians. 
D’Agostino  and  Stephen’s  “Goodness  of  Fit  Techniques”  [20]  is  a  good  reference  that  contains  a 
comprehensive  review.  Chi-squared,  EDF,  and  moment  tests  are  reviewed  briefly  in  the  following 
sections. 

2.4- i  Chi-squared  Tests.  The  classical  goodness  of  fit  test,  the  chi-squared  test  first 
developed  by  Karl  Pearson,  is  an  almost  universal  test  because  of  its  broad  applicability.  It  can  be 
applied  to  discrete,  continuous  distributions,  or  mixed  distributions;  with  grouped  or  ungrouped 
data;  and  with  models  completely  specified  or  with  the  parameters  estimated.  It  can  also  be 
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adapted  to  be  used  with  censored  data  or  truncated  distributions  [80: 113-120].  This  test  compares 
the  histogram  of  the  data  to  the  shape  of  the  candidate  density  or  mass  function  [4:  375]. 

The  test  procedure  is  as  follows: 

1.  Hypotheses  : 

Ho  :  the  random  variable,  X,  conforms  to  the  distributional  assumption  with 
the  parameter(s)  given  by  the  parameter  estimate(s) 

Ha  :  the  random  variable  X  does  not  conform 


2.  Divide  the  n  observations  into  a  set  of  k  class  intervals  or  cells. 

3.  Calculate  the  test  statistic. 


{Oi-Eif 


2  ^  -  ■ 


i=l 

where  Ei  is  the  expected  frequency  of  the  class  interval,  which  is  computed  as  £?*  =  np*, 
where  pi  is  the  theoretical,  hypothesized  probability  associated  with  the  class  interval.  Oi 
is  the  observed  frequency  in  the  class  interval.  A  usual  rule  is  to  choose  the  subsets  so 
that  the  expected  number  of  observations  in  each  subset  is  greater  than  or  equal  to  5. 


4.  Accept  or  reject  Hq  by  comparing  the  test  statistic  to  a  critical  value. 


Normally,  we  reject  Hq  if  Xo  >  where  p  is  the  number  of  parameters  estimated  in  the 

specification  of  the  null  hypothesis  [80]. 


In  the  chi-squared  test,  many  statisticians  have  argued  the  art  of  grouping  data.  Fisher 
enabled  use  of  the  chi-squared  critical  values  as  a  reasonable  approximation  for  small  sample  sizes 
by  proposing  the  rule  that  each  expected  cell  frequency,  ,  should  be  at  least  five  [61: 23].  Mann  and 
Wald  [50]  elaborated  on  Fisher’s  rule  by  suggesting  that  class  intervals  that  are  equal  in  probability 
rather  than  equal  in  width  of  interval  should  be  used  if  a  continuous  distribution  assumption  is 
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being  tested.  Furthermore,  Rayner  and  Best  [61],  D.S.  Moore  [54],  Roscoe  and  Byars  [63],  and 
Rao-Robson  [60]  suggested  a  variety  of  opinions  about  the  number  of  cells,  equiprobable  cells,  and 
the  power  of  the  test.  Banks  and  Carson  recommend  not  to  use  this  test  for  a  sample  size  less 
than  20  [4:  377].  Several  authors  have  shown  that  chi-squared  tests  have  lower  power  than  other 
application  tests  since  the  data  may  be  grouped  differently,  which  may  lead  to  a  change  in  the  reject 
or  accept  decision;  hence,  the  test  is  not  unique.  EDF  tests,  such  as  the  Kolmogorov-Sirmirnov, 
Cramer- Von  Mises,  and  Anderson-Darling  tests  are  well-suited  to  testing  goodness  of  fit  and  are 
more  robust  for  continuous  data  and  small  sample  sizes.  Their  use,  therefore,  is  encouraged  [52], 

2.^.2  EDF  Tests.  In  addition  to  the  basic  chi-squared  test  mentioned  in  the  previous 
section,  there  is  a  more  general  and  popular  class  in  the  goodness  of  fit  test  field.  EDF  tests  have 
been  extensively  studied  by  Stephens  [20].  An  EDF  is  a  step  function  calculated  from  the  sample 
data  which  estimates  the  population  distribution  function.  EDF  tests  are  based  on  the  vertical 
difference  between  the  EDF  (F„(ar))  and  the  theoretical  CDF  (jP(x)).  The  EDF  for  n  ordered  data 
points  ar(i) ,  X(^2)  >  a^(3)  r  ■  *  ?  X{n)  is 

^  .  number  of  observations  <  x 

Fn{x)  =  - =— *;  -00  <X  <  00. 


More  precisely 


Fn{x)  =  { 


0  if  a:  <  X(i) 

^  if  A'(i)  <x  <  A’(^+i),  i  =  1,2, . .  .,n  -  1 
1  if  X^n)  <  X 


EDF  statistics  are  divided  into  two  classes,  the  supremum  class,  which  includes  statistics 
based  on  the  largest  vertical  difference  between  Fn{x)  and  F(a:),  and  the  quadratic  class,  which 
integrated  the  squared  difference  between  Fn{x)  and  F{x).  In  this  research  the  popular  and  powerful 


2-18 


EDF  test  statistics,  well-known  as  K-S^,  CvM^,  and  A-D^  test  statistics  will  be  utilized  for  the 
comparative  power  studies. 

2,4  2.1  Kolmogorov-Smirnov  Test  Statistic.  The  K-S  test  statistic,  denoted  as  D,  is 
the  most  well  known  supremum  statistic  and  is  denoted  as 


D+  =  sup{F„(a:)  -  F{x)} 

X 

=  maxj{i/n  —  Zi};  1  <i  <n 
D~  =  sup{F(a:)  -  F„(a;)} 

X 

=  maxi  - 
D  =  max(Z)'^,D~) 


1  <  i  <  n 


where  Zi  =  F(xi). 

2.4-2.2  Cramer-von  Mises  Test  Statistic.  The  CvM  test  statistic  is  a  quadratic 
statistic.  The  CvM  family  is  given  by 

/4-00 

{Fnix)  -  Fix)f^ix)  dFix),  (2.9) 

-00 

where  $(a:)  is  a  weighting  function  on  the  squared  differences.  When  ^{x)  =  1,  the  statistic  is  the 
CvM  statistic  which  is  denoted  by  W^. 

Stephens’  computational  formula  is 

=  ^{Zi  -  (2i  -  l)/(2n)}2  +  l/(12n). 


^  Kolmogorov-Smirnov 
^Cramdr-von  Mises 
^Anderson-Darling 
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Anderson-Darling  Test  Statistic.  One  of  the  more  powerful  EOF  tests  in  a 
wide  range  of  circumstance  is  the  A-D  statistic,  denoted  by  A^.  It  uses  Equation  2.9  above  with 
$(a;)  =  {F{x){l  —  F(a:)}]“^  and  Stephens’  computational  formula  is 

=  -n-  (1/n)  ^(2i  -  l)[log2r(i)  +  log{l  -  Z(^n+i-i)}]',  1  <  *  <  n, 

i 

where  log{x)  means  log  base  e. 

There  are  two  categories  of  goodness  of  fit  tests.  A  test  where  the  hypothesized  distribution 
is  completely  specified  and  a  single  table  may  be  used  for  all  continuous  distributions  for  each  test 
statistic.  The  second  category  is  a  test  where  the  parameters  are  estimated,  which  is  the  most 
common  case.  The  distribution  of  the  EDF  statistics  depend  on  the  sample  size,  the  hypothesized 
distribution,  and  the  method  of  the  estimation  used.  Hence,  a  separate  table  of  critical  values  must 
be  obtained  for  each  family  and  each  set  of  estimators  [80:  115]. 

One  important  characteristic  of  EDF  tests  is  that  when  the  unknown  parameters  are  location 
or  scale  parameters  that  are  estimated  by  appropriate  methods,  the  distribution  of  the  EDF  statis¬ 
tics  does  not  depend  on  the  true  values  of  the  unknown  parameters.  However,  when  an  unknown 
parameter  is  the  shape  parameter,  the  null  distribution  of  the  test  statistic  will  depend  on  the  true 
value  of  the  shape  parameter.  D’Agostino  and  Stephens  [20]  provide  principal  references  related  to 
the  tests  along  with  tables  of  several  EDF  statistics  such  as  A-D,  CvM,  (Watson  statistic),  and 
V  (Kuiper  statistic). 

In  the  area  of  the  EDF  goodness  of  fit  tests,  asymptotic  theory  plays  a  major  role  in  extracting 
percentage  points  in  tables  for  testing  since  it  is  usually  not  possible  to  obtain  an  analytic  expression 
of  the  test  statistic  distributions.  Therefore,  Monte  Carlo  methods  are  often  used  to  obtain  points 
for  finite  n.  Fortunately,  D’Agostino  and  Stephens  [20:  102-103]  found  that  for  A-D,  CvM,  and 
statistics,  percentage  points  of  these  statistics  for  finite  n  converge  rapidly  to  the  asymptotic 
points. 
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Conducting  power  studies  over  EDF  test  statistics  is  interesting  and  important  for  applications 
in  the  real  world.  Many  statisticians  have  been  involved  in  such  studies. 

The  overall  result,  when  tests  for  normality  or  exponentiality  are  made  with  unknown 
parameters,  is  that  A-D  statistic  is  slightly  better  than  CvM  statistic  for  the  alternatives 
discussed,  with  not  far  behind  CvM  statistic  [20:  167]. 

Various  power  studies  based  on  Monte  Carlo  sampling  proved  the  superiority  of  the  A-D 
statistic.  For  the  most  widely  used  EDF  statistic,  the  K-S  statistic  turns  out  to  be  weak  in  power, 
while  statistics  D+and  D~  often  have  good  power  but  each  one  against  only  certain  classes  of 
alternatives.  In  general,  from  the  power  studies,  A-D  (or  CvM  as  second  choice)  should  be  the 
recommended  omnibus  test  statistic  for  EDF  tests  with  unknown  parameters,  with  good  power 
against  a  broad  range  of  alternatives.  Green  and  Heazy  [28]  built  a  table  recommending  which 
EDF  test  statistics  to  use  when  testing  a  particular  distribution  against  several  alternatives. 

Woodruff  et  al.  [81]  modified  a  goodness  of  fit  test  for  the  gamma  distribution  with  unknown 
location  and  scale  parameters  and  known  shape  parameter.  They  presented  the  relation  between 
the  critical  value  and  the  inverse  square  of  the  shape  parameter  as 

C=:ao  +  ai{l/0% 

where  C  is  the  appropriate  K-S,  A-D,  or  CvM  critical  values,  ao  and  ax  are  constants,  and  1.5  < 
P  <  4.0.  This  relation  holds  reasonably  well  for  all  these  test  statistics.  They  also  concluded  that 
the  modified  CvM  statistic  is  the  most  powerful  of  the  three  tests. 

24-3  Moment  Tests.  Symmetric  distributions  are  likely  to  produce  samples  with  small 
skewness,  while  distributions  corresponding  to  positive  valued  random  variables  are  likely  to  pro¬ 
duce  samples  with  large  skewness.  In  sampling  from  fairly  symmetric  distributions,  one  might 
expect  the  kurtosis  to  reflect  the  nonnormality.  Thus,  a  combination  of  the  test  statistics  y/h[  and 
62,  might  provide  a  more  comprehensive  test  than  either  taken  by  itself  [20].  Moment  techniques, 
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especially  using  the  standardized  third  and  fourth  sample  moments  as  test  statistics,  have  been 
studied  by  many  statisticians.  What  makes  these  statistics  more  valuable,  is  that  there  is  no  need 
to  estimate  parameters.  However,  their  use  have  been  limited  to  tests  for  normality  or  departures 
from  it. 

Extensive  studies  investigating  the  statistical  power  of  these  tests  over  a  wide  range  of  al¬ 
ternative  distributions  have  been  undertaken.  D’Agostino  [17]  and  D’Agostino  and  Stephens  [20] 
provide  an  extensive  review  of  moment  techniques  for  y/bi  and  62*  They  demonstrated  that  y/bi 
and  62  have  excellent  properties  for  detecting  nonnormality  associated  with  skewness  and  nonnor¬ 
mal  kurtosis,  respectively.  The  statistics  combining  and  62  also  have  good  power  over  a  broad 
range  of  nonnormal  distributions.  The  extensive  power  studies  have  also  demonstrated  convinc¬ 
ingly  that  the  chi-squared  test  and  K-S  test,  have  poor  power  properties  and  should  not  be  used 
when  testing  for  normality.  Major  statistical  packages  such  as  SAS  and  SPSSX  perform  the  excel¬ 
lent  Shapiro- Wilk  W  test  for  sample  sizes  up  to  50.  For  larger  samples,  however,  they  supply  the 
poor-power  K-S.  Unfortunately,  hypothesis  testing  using  the  powerful  ^/bl  and  62  is  not  presented 
or  even  suggested  [18]. 

A  comparative  study  of  various  tests  for  normality  was  conducted  by  Shapiro  et  al.  [69] 
to  provide  general  indication  of  the  comparative  effectiveness  of  the  procedures.  Those  statistics 
used  are  W  (Shapiro  and  Wilk),  ^/b^^  52?  K-S,  CvM,  WCvM  (weighted  CvM),  D  (modified  K-S), 
chi-squared,  and  u  (studentized  range).  As  a  result,  they  found  that  the  y/bi  statistic  is  a  good 
measure  of  nonnormality  against  highly  skewed  and  also  long-tailed  distributions.  However,  it  has 
low  sensitivity  against  symmetric  and  asymmetric  finite  range  distributions,  while  the  performance 
of  the  62  statistic  is  good  with  finite  range  distributions,  as  well  as  with  symmetric  long-tailed 
infinite  range  distributions.  It  is  not  as  effective,  against  skewed  and  discrete  distributions.  One  of 
their  conclusions  was  that  the  power  of  the  W  statistic  is  as  good  as  the  best  of  either  y/bi  or  62, 
but  combining  y/b^  and  62  is  regarded  as  a  good  competitor. 
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Later,  D’Agostino  and  Pearson  [19]  provide  directional  tests,  which  may  be  appropriate  to  use 
prior  knowledge  suggests  if  a  population  is  likely  to  be  skewed  in  a  specified  direction.  It  is  obviously 
true  that  \/bi  would  be  useful  in  a  directional  test  for  normality  against  skewed  alternatives  and 
62  would  be  against  kurtosis  alternatives.  Nonnormal  samples  from  asymmetric  distributions  will 
have  skewness  values  different  from  zero,  but  may  have  similar  weights  in  the  tails  to  the  normal 
distribution.  On  the  other  hand,  nonnormal  samples  from  symmetric  unimodal  distributions  can 
be  characterized  by  nonnormal  kurtosis.  Hence,  ^/bi  and  62  should  also  be  able  to  be  usefully 
employed  in  harmony  with  one  another  as  test  statistics  to  discriminate  between  normal  and  a 
variety  of  nonnormal  populations  [20:  280]  [12].  Mardia  [51]  developed  measures  of  multivariate 
skewness  and  kurtosis  by  extending  certain  studies  on  robustness  of  the  t  statistic.  Bowman  and 
Sheton  [7]  developed  omnibus  test  contours  for  departures  from  normality  based  on  y/bi  and  62- 
They  used  X^iy/hT)  -\-X^{b2)  as  test  statistics  and  generated  contour  plots  in  the  {y/bi,  62)  plane  for 
the  test  with  numerous  sample  sizes  and  significance  levels  to  facilitate  its  application.  Hopkings 
et  al.  [38]  also  suggested  that  skewness  and  kurtosis  are  very  useful  tools  for  normality  tests,  but 
they  are  being  ignored. 

2,4^4  Sequential  Tests,  The  phrase,  sequential  test,  has  not  been  used  widely  in  the 
goodness  of  fit  test  field.  Sequential  testing  employs  existing  tests  in  some  predetermined  sequence 
based  on  individual  test  results.  A  number  of  investigators  have  worked  on  sequential  testing.  A 
decision  to  accept  or  reject  the  null  hypothesis  may  often  be  reached  more  quickly  and  effectively 
by  using  this  sequential  testing  procedure.  A  sequential  test  involves  a  set  of  rules  to  be  applied 
continuously  over  time.  The  tests  will  be  continued  until  an  acceptance  or  rejection  step  is  reached 
as  in  a  usual  test.  Similarly,  in  this  thesis,  the  brief  sequential  procedure  to  be  employed  is  as 
follows: 

1.  Perform  a  sample  skewness  test. 

2.  Perform  a  sample  kurtosis  test. 
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3.  If  both  tests  pass,  it  passes  the  sequential  test. 


The  skewness  and  kurtosis  tests  may  be  conducted  in  any  order.  More  detailed  discussion  will  be 
given  later. 

Conducting  a  power  study  for  the  sequential  tests  is  challenging.  To  employ  sequential  tests 
as  omnibus  tests,  derivation  of  overall  significance  levels  is  necessary.  This  is  because  the  test 
statistics  to  be  utilized  may  not  be  independent.  In  our  cases,  the  test  statistics,  skewness  and 
kurtosis  are  in  general  correlated,  although  for  normal  sampling  the  correlation  is  zero,  they  are 
still  dependent  variables  [20:  283]. 

Typically,  one  test  in  a  sequential  procedure  is  conducted  at  an  ai  level,  and  the  other  test  at 
an  a2  level.  The  omnibus  test  rejects  the  null  hypothesis  if  either  test  leads  to  rejection.  The  overall 
level  of  significance  for  these  two  tests  combined  is  a,  where  a  <  ai  +  a2  by  Bonferroni’s  inequality. 
Therefore  the  sequential  test  has  significance  level  no  larger  than  the  sum  of  the  two  levels  of  the 
individual  tests.  The  reason  that  one  employs  a  sequential  test  is  that  the  sequential  test  may  be 
more  powerful  on  average  against  a  broader  range  of  alternatives  than  either  of  the  two  separate 
tests.  More  specifically,  if  one  combines  a  test  that  is  powerful  against  symmetric  alternatives  but 
weak  on  skewed  alternatives,  with  a  test  that  is  effective  against  skewed  alternatives,  the  results  may 
be  a  useful  omnibus  test  that  will  yield  better  results  against  a  wide  spectrum  of  alternatives.  The 
logic  above  is  directly  applied  to  this  research.  Sample  skewness  should  work  better  in  discerning 
deviations  from  the  hypothesized  distribution  in  terms  of  skewness,  and  sample  kurtosis  should  be 
better  in  discriminating  deviations  in  tail- weight  or  peakedness.  Combing  the  two  may  prove  to  be 
a  useful  and  fairly  simple  omnibus  goodness  of  fit  test  for  the  gamma  distribution  [12]. 

One  problem  is  to  obtain  an  exact  value  for  the  attained  significance  level  of  this  sequential 
test.  The  way  to  cope  with  this  problem  is  provided  through  Monte  Carlo  simulation  techniques, 
which  makes  possible  numerous  combinations  of  individual  significance  levels  to  get  the  desired 
overall  significance.  Monte  Carlo  procedures  are  employed  not  only  to  generate  critical  values  for 
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a  wide  range  of  sample  sizes  and  shape  parameters,  but  to  develop  tables  of  empirically  attained 
significance  levels  for  this  sequential  test  as  well.  It  enables  the  reader  to  identify  several  levels  in 
the  given  tables  that  would  lie  close  to  a  desired  value  and  then  to  choose  which  combination  of  a 
levels  for  the  individual  tests  would  be  best  for  a  particular  situation. 

A  few  examples  of  sequential  tests  are  available  in  the  literature.  Onen  [57]  showed  that  the 
power  of  a  sequential  goodness  of  fit  test  for  the  Cauchy  distribution  using  various  combinations  of 
EDF  statistics  against  symmetric  distributions,  is  always  between  the  power  of  the  two  individual 
tests  at  identical  a-levels.  Gunes  et  al.  [30]  implemented  and  evaluated  six  sequential  tests  formed 
using  selected  pairs  of  standard  EDF  tests  (KS-AD,  KS-CvM,  KS-C/^,  AD-CvM,  AD-V,  AD-U^)  for 
the  goodness  of  fit  tests  for  the  inverse  Gaussian  distribution.  Their  conclusion  is  that  a  sequential 
procedure  using  tests  that  are  powerful  at  opposite  levels  of  symmetry  may  olfer  a  valuable  option. 
Recently,  Clough  [12]  presented  a  new  moment-based  sequential  goodness  of  fit  tests  for  the  three- 
parameter  Weibull  distribution.  He  proved  that  the  use  of  sequential  tests  has  the  potential  of  more 
robust  performance  against  a  wide  range  of  alternative  distributions  by  combining  test  statistics 
with  complementary  power  characteristics. 

2, 5  Conclusion 

The  gamma  distribution  is  used  frequently  and  has  been  developed  as  a  model  for  distribu¬ 
tions  of  life  spans,  reliability,  and  various  other  applications  such  as  the  time-to-failure  distribution 
of  electrical,  mechanical,  and  electro-mechanical  systems.  Several  goodness  of  fit  tests  using  well- 
known  parameter  estimation  methods,  have  been  conducted  for  the  gamma  distribution  to  evaluate 
the  difference  between  a  sample  and  a  hypothesized  theoretical  distribution.  Some  popular  param¬ 
eter  estimation  methods  are  briefly  reviewed  in  this  chapter.  As  can  be  seen  from  the  review,  these 
parameter  estimations  (e.g.  MLE  and  MD)  involve  very  complicated  computational  procedures. 
This  possibly  brings  about  high  cost  in  developing  a  simulation  program  and  implementing  the 
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program,  which  sometimes  needs  a  tremendous  amount  of  iteration  for  the  computation.  Nev¬ 
ertheless,  with  these  parameter  estimation  methods,  one  can  be  bogged  down  by  mathematical 
manipulative  difficulties.  Thus,  several  authors  [26]  [56]  suggested  using  sample  moments  as  test 
statistics,  because  of  computational  simplicity  as  well  as  not  requiring  a  priori  knowledge  of  its 
PDF.  In  addition,  with  the  good  property  that  sequential  tests  provide  more  power  on  average 
against  a  broader  range  of  alternatives  than  either  of  the  two  separate  tests,  recent  studies  [57]  [12] 
demonstrate  the  merit  of  sequential  tests  in  the  goodness  of  fit  test  field.  Therefore,  the  sequential 
goodness  of  fit  test  for  the  gamma  distribution  based  on  the  third  and  fourth  sample  moments  will 
be  an  excellent  competitor  to  other  goodness  of  fit  tests. 
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Ill  METHODOLOGY 


3J  Introduction 

The  first  step  in  this  research  will  be  to  estimate  the  sampling  distribution  of  two  test  statistics 
for  a  particular  test  of  hypothesis  by  means  of  Monte  Carlo  simulation  methods.  Next,  the  critical 
values  for  the  test  statistics  at  various  significance  level  will  be  derived  and  tabled.  Then,  the 
overall  significance  level  (attained  significance  level),  which  is  the  significant  portion  of  sequential 
test,  will  be  established. 

The  most  critical  procedure  employed  during  such  a  sequential  test  is  the  determination  of 
its  power  when  subjected  to  a  wide  range  of  the  sample  data  under  several  alternative  hypotheses. 
The  power  of  each  test  is  the  deciding  factor.  Ideally,  this  power  will  offer  an  improvement  over 
that  of  existing  tests  such  as  the  K-S,  the  CvM,  and  the  A-D  procedures.  A  flowchart  for  general 
procedures  is  given  in  Figure  3.1. 

3,2  Critical  Value  Determination 

3.2.1  Monte  Carlo  Methods.  The  Monte  Carlo  method  is  a  numerical  method  of  solving 
mathematical  problems  based  on  random  sampling.  There  are  two  distinctive  features  of  the 
method.  First  is  the  simple  structure  of  the  algorithm.  Secondly,  the  error  of  calculations  is 
proportional  to  yjD/N  where  D  is  a  constant  and  N  is  the  number  of  trials.  Shooman  [71]  has 
stated  that  the  error  of  a  Monte  Carlo  simulation  will  be  reduced  proportionally  to  l/\/]V,  where 
N  is  the  number  of  trials  in  a  perfect  model  with  perfect  random  numbers.  Therefore,  as  the 
number  of  observations  increases,  the  accuracy  one  seeks  will  be  approached.  Modern  simulation 
technology  facilitates  the  generation  of  tens  or  hundreds  of  thousands  of  samples  of  a  given  sample 
size  from  any  probability  distribution  [73].  Thus,  Monte  Carlo  methods  with  the  help  of  modern 
computing  power  are  now  widely  used  to  support  the  conducting  of  goodness  of  fit  tests. 

The  steps  employed  during  a  goodness  of  fit  Monte  Carlo  simulation  are  as  follows  [12]: 


3-1 


Figure  3.1  Flowchart  for  General  Procedures 

1.  Random  sample  from  a  particular  distribution  is  generated. 

2.  The  sample  is  evaluated  by  some  measure  of  interest. 

3.  This  process  is  repeated  for  some  predetermined  number  of  samples  or  trials. 

4.  Performence  measures  are  calculated  and  the  approximate  quality  of  the  goodness  of  fit  is 
determined. 

In  this  thesis  effort,  since  larger  simulation  runs  will  guarantee  a  better  approximation  of 
critical  values  for  the  test  statistic  being  examined,  100,000  repetitions  will  be  used  to  generate 
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the  critical  values  for  the  test  statistics,  ^/b^  and  62,  for  a  gamma  distribution  with  known  shape 
parameter. 


3,2.2  Plotting  Position,  Often,  plotting  positions  have  been  utilized  to  determine  the 
critical  values  by  employing  linear  interpolation  to  extract  the  desired  critical  value  at  a  given 
significance  level.  Among  the  numerous  plotting  position  approaches  developed  over  the  decades, 
the  median  plotting  position  is  one  of  the  most  popular.  Harter  [31]  notes  that  the  differences 
in  plotting  positions  become  negligible  as  sample  size  increases  beyond  N  >  20,  but  recommends 
the  median  plotting  position.  Since  this  research  uses  N  =  100,000,  we  consider  choice  of  plotting 
position  irrelevant,  however,  for  completeness,  a  comparison  will  now  be  given. 

The  computing  formula  for  a  critical  value  based  on  the  median  plotting  position  is  as  follows: 
Slope, 

_ 2/i+i  -  Vi 

Ttlf  —  , 


intercept, 


b  =  yi-  mxi, 


and  a  critical  value, 

(1  -  «)  -  6 

cv  = - , 

m 

where  is  upper  and  yi  is  lower  median  rank  that  bound  the  value  a,  while  Xi+i  is  upper  and 
Xi  is  a  lower  skewness  or  a  kurtosis  sorted,  m  is  slope  determined  by  the  values  above,  and  cv  and 
a  correspond  to  a  critical  value  and  a  significance  level  respectively.  In  more  detail,  suppose  a  = 
0.005  and  a  number  of  trials  is  100,000  as  used  in  this  thesis.  Then, 


m  =  0.00001/(a;i+i  “  xi) 


b  =  0.994993  - 


0.0001 

(li+i  -  Xi)  ** 
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cv  =  (0.995  —  6)/m  =  0.000007/m+  Xi  =  O.Txi+i  +  O.Sa:* 


That  is,  a  critical  value  is  determined  by  70%  weights  for  upper  skewness  or  kurtosis  whereas  it  is 
determined  by  only  30%  weights  for  lower  values.  The  Figure  3.2  illustrates  the  formula  above. 


A  MATLAB  function,  ^prctile’,  gives  the  percentiles  of  the  skewness  or  kurtosis  sorted  values. 
For  instance,  let  p  be  a  number  between  0  and  1. 

/v(p) 

f{y)  dy 

-oo 

where  r?(p)  is  (lOOp)*^  percentile  of  the  distribution  of  a  continuous  random  variable  X  [41].  The 
plot  3.3  for  (lOOp)*^  percentile  of  continuous  distribution  illustrates  the  definition  above,  y  = 
prctile(x,  lOOp)  returns  a  value  that  is  greater  than  lOOp  percent  of  the  values  in  x  in  MATLAB^, 
For  example,  if  p  =  0.5,  p  is  the  median  of  x.  By  using  a  large  sample,  the  gap  between  percentiles 
will  be  reduced  enough.  To  check  the  above  assumption,  10,000  samples  were  run  by  both  methods 
and  results  were  compared  with  each  other.  The  result  turned  out  to  be  significant  by  only  three 
decimal  places  with  just  10,000  samples.  The  validation  for  codes  of  a  critical  value  generation 

^  Matlab  Programming  Language 
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using  the  ‘prctile’  function,  is  given  in  the  following  chapter.  Hence,  as  mentioned  earlier,  resorting 
to  median  plotting  position  is  not  necessary.  Since  using  percentile  function  with  a  large  simulated 
sample  of  data  (lOO-K"),  provides  more  computational  efficiency.  Thus,  ‘pretile’  built  in  MATLAB 
will  be  used  in  this  thesis. 


Figure  3.3  The  (lOOp)*^  Percentile  of  a  Continuous  Distribution 

3,2.3  Calculation  of  Critical  Values.  The  specific  procedures  used  to  generate  the  critical 
value  tables  for  the  two  test  statistics  utilized  in  this  sequential  test  are  presented  below  [12].  A 
flowchart  of  these  procedures  appears  in  Figure  3.4. 

1.  For  each  value  of  the  gamma  shape  parameter  (3  =  0.5(0.5)4,  and  for  sample  sizes  n  =  10(5)50, 
a  sample  of  size  n  from  the  gamma(^,  1,0)  distribution  is  generated.  The  values  for  the 
location  and  scale  parameters  are  chosen  for  convenience  since  the  test  statistics,  \/b[  and 
62,  are  location  and  scale  invariant.  Hence,  the  critical  values  generated  from  this  particular 
distribution  can  be  used  for  any  location  and  scale. 

2.  Calculate  the  sample  skewness  and  sample  kurtosis  for  the  sample  generated. 

3.  Repeat  the  above  two  steps  100, 000  times  to  generate  a  sample  of  iV  =  100, 000  values  for 
each  of  the  test  statistics. 
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4.  Sort  each  of  the  statistics  in  an  array. 

5.  Calculate  the  (lower  tail)  and  a  =  0.80(0.01)0.90  and  0.90(0.005)0.995  (upper  tail).  The 
rationale  for  the  fine  granularity  in  the  significance  levels  will  become  apparent  shortly.  The 
result  at  this  point  will  be  a  table  of  critical  values  at  the  significance  level  for  the  specified 
gamma  shape  parameters  and  sample  sizes  above. 

6.  Increment  the  sample  size  and  repeat  the  process  for  n  =  10(5)50. 

7.  Increment  the  gamma  shape  parameter  and  repeat  the  process  for  /3  =  0.5(0.5)4, 

3.2.4  Implementation  of  Critical  Value  Determination.  This  research  will  require  a  large 
amount  of  computer  resources  and  simulation  time.  To  implement  the  procedure  described  above, 
MATLAB  will  be  utilized.  The  benefits  provided  by  MATLAB  are  that  the  ‘gamrnd’  function  in 
the  Matlab  Statistics  Toolbox  will  generate  the  gamma  random  deviates  very  efficiently  and  the 
powerful  matrix  capabilities  in  MATLAB  make  it  easy  to  handle  big  data  arrays.  The  code  for 
this  procedure  can  be  found  in  Appendix  I.l.  The  critical  values  produced  using  this  procedure  are 
listed  in  Appendix  A. 

3.3  The  Formal  Statement  of  the  Tests 

The  sequential  test  is  conducted  by  combining  the  skewness  and  kurtosis  test  in  any  order. 
This  test  should  be  performed  under  the  given  attained  significance  level  of  a.  A  significance  level 
is  selected  for  each  individual  test  in  such  a  way  that  the  combination  of  the  individual  tests  yield 
the  required  attained  significance  level.  The  attained  significance  level  to  be  achieved  is  determined 
by  the  user.  A  formal  statement  of  the  sequential  goodness  of  fit  test  is  as  follows: 

The  hypotheses  and  test  statistics,  assuming  a  random  sample  Xi,X2,. . .  ,Xn  are  given  re¬ 
spectively  by 
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Generate  /iGamma  ( 1, 0)  Random  Deviates 


Calculate  Sample  Skewness  and  Kurtosis 


No 


Sort  the  lOOK  Values  for  Both  Statistics 


Figure  3.4  Flowchart  for  Critical  Values 


Ho  :  X  Gamma(j8) 
Ha  •  Xr/.  Gamma(/3) 


and 


Skewness, 
Kurtosis,  62 


For  an  overall  significance  level  a,  the  rejection  region  is  given  by 


\/h  >  or  <  \JW{^) 


or 


^2  >  &2(l-^)»  ^2  <  &2(^) 


where  ai  and  0:2  are  the  selected  significance  levels  of  the  individual  tests.  Overall  significance 
level,  a  <  +  0:2. 


3,4  Attained  Significance  Levels 

3.4-1  Background.  The  critical  value  tables  constructed  in  the  previous  simulation  will 
be  utilized  to  determine  the  attained  significance  levels.  The  procedure  is  similar  to  that  used  in 
the  determination  of  critical  values.  If  the  sample  of  gamma  deviates  generated  by  Monte  Carlo 
simulation  fails  one  of  the  two  tests,  it  fails  the  overall  test.  It  allows  attained  significance  levels  for 
the  sequential  test  to  be  evaluated  by  counting  the  number  of  samples  that  fail  at  each  combination 
of  levels.  More  specifically,  the  attained  significance  level  (a)  is  simply  the  probability  of  rejecting  a 
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true  null  hypothesis.  The  samples  generated  by  this  procedure  are  guaranteed  to  be  gamma  samples 
because  they  are  generated  by  a  gamma  random  deviate  generator  and  are  also  independent.  Hence, 
the  attained  significance  level,  a,  can  be  found  by  calculating  the  percentage  of  all  samples  that 
are  rejected  at  a  given  combination  of  levels  ai  and  02-  It  should  be  noted  that  the  attained 
significance  levels  will  have  to  be  considered  for  each  sample  size  and  shape  combination  since  we 
are  concerned  with  cases  of  known  shape  and  various  sample  sizes. 

During  the  research,  Clough  [12]  found  an  erroneous  portion  from  the  code  developed  pre¬ 
viously.  He  completed  the  effort  to  obtain  the  attained  significance  level  correctly  by  slightly 
modifying  the  previous  code  that  performed  each  test  at  all  20  a-levels  regardless  of  whether  a 
failure  point  was  reached.  Moreover,  he  introduced  a  simplified  coding  logic  in  modifying  the 
code.  The  complexity  of  the  test  is  vastly  reduced  by  the  very  logic  used  for  determining  attained 
significance  levels.  There  are  two  ways  this  simplification  can  be  brought  about: 

1.  If  a  given  sample  fails  any  hypothesis  test  at  a  level  a,  then  it  will  fail  the  test  at  any  higher 

significance  level. 

2.  The  sample  fails  once  it  fails  just  one  of  the  member  tests  in  the  sequential  test. 

Prom  the  above  facts,  a  simplifying  logic  can  more  specifically  be  established  as  follows.  Once 
a  sample  fails  at  a  given  level  for  the  first  test,  it  will  fail  for  every  other  higher  a-level  for  that 
test,  and  the  results  from  the  second  test  are  irrelevant  -  the  sample  has  still  failed  the  overall  test. 
So,  once  a  failure  levels  is  determined  for  one  test,  one  may  conclude  that  the  sample  will  fail  for 
all  remaining  higher  a-levels  for  the  given  test  and  all  levels  of  the  other  tests. 

As  mentioned  above,  the  attained  significance  level  is  the  probability  of  rejecting  a  true  null 
hypothesis.  Thus,  the  crucial  point  of  the  code  to  obtain  the  attained  significance  level  is  to  count 
the  number  of  rejections  of  the  true  null  hypothesis  at  a  given  combination  of  a-levels.  To  show 
how  the  code  works  for  each  test,  tables  are  presented  which  exhibit  four  possible  outcomes  to  the 
application  of  the  sequential  test  at  all  combinations  of  significance  levels  for  the  two  tests.  For  the 
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purpose  of  illustration,  the  tables  below  reflect  the  results  of  two  tests  over  a  range  of  each  a-level 
between  0.01  and  0.05.  Notice  that  a  single  sample  in  the  counter  array  A  was  used,  where  Aij 
represents  the  number  of  samples  that  failed  the  first  test  or  the  second  test.  Note  also  that  a  “0” 
indicates  passing  the  sequential  test  and  a  “1”  represents  failing.  The  four  outcomes  are  as  follows: 


1.  There  are  no  elements  in  the  array  A,  which  means  the  sample  could  pass  both  tests  at  all 
levels  (Outcome  I). 

2.  The  sample  passes  Test  #2  at  all  levels  and  it  fails  Test  #1  at  some  level,  say  ai  =  0.03. 
Then,  by  simplifying  logic,  the  sample  fails  the  sequential  test  at  levels  for  ai  >  0.03  across 
all  levels  of  a2  (Table  3.1)  (Outcome  II). 


Table  3.1  Reject- Accept  Table  for  a  Single  Sample 


Test  #1 

ai 

Test  #2  02 

0.01 

0.02 

0.03 

0.04 

0.05 

0.01 

0 

0 

0 

0 

0 

0.02 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0.05 

1 

1 

1 

1 

1 

3.  Similarly,  the  sample  passes  Test  #1  at  all  levels  and  it  fails  Test  #2  at  some  level,  say 
a2  =  0.02.  Then,  by  simplifying  logic,  the  sample  fails  the  sequential  test  at  levels  for 
>  0.02  across  all  levels  of  ai  (Table  3.2) (Outcome  III). 


Table  3.2  Reject-Accept  Table  for  a  Single  Sample 


Test  #1 

Ol 

Test  #2  a2 

0.01 

0 

1 

1 

1 

1 

0 

1 

1 

1 

1 

0 

1 

1 

1 

1 

0.05 

0 

1 

1 

1 

1 

4.  Finally,  the  sample  fails  both  tests  at  some  level.  This  is  shown  in  Table  3.3.  The  given 
sample  fails  Test  #1  at  ai  =  0.03  and  fails  Test  #2  at  a2  =  0.04  (Outcome  IV). 
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Tab] 


e  3.3  Reject-Accept  Table  for  a  Single  Sample 


Test  #1 

Test  #2  a2 

0.01 

0.02 

0.03 

0.04 

0.05 

■Esm 

HI 

0 

0 

1 

1 

HI 

0 

0 

1 

1 

heeh 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

In  the  process  of  determining  an  attained  significance  level,  one  thing  to  be  pointed  is  that, 
once  the  failure  points  for  a  single  test  have  been  counted  for  each  test,  the  counter  array,  is 
modified  by  adding  the  results  into  the  previous  results.  Through  100,000  repetitions  for  each 
sample  size  given,  the  array  A  is  completed.  Then,  the  attained  significance  level  is  determined  by 
dividing  Aij  by  the  total  number  of  samples,  aij  =  ylij/100,000,  which  represent  the  percentage 
of  all  samples  that  are  rejected  at  a  given  combination  of  levels  ai  and  a2- 


3-4-^  Ifnplementation  of  Attained  Significance  Levels,  The  following  outlines  an  algorith¬ 
mic  approach  to  achieve  the  attained  significance  level  [12].  A  flowchart  in  Figure  3.5  lays  this  out 
graphically.  The  results  of  these  attained  significance  level  calculations  are  presented  in  Appendix 
B. 

1.  Generate  n  gamma  (^3, 1,0)  random  deviates. 

2.  Load  the  critical  values  found  in  previous  simulation. 

3.  Calculate  the  test  statistics  for  the  sample. 

4.  Initialize  counters  to  track  the  current  levels  of  the  two  tests;  icurr  ior  Test  #1  and  ]curr  for 
Test  #2.  In  the  coding  scheme,  the  starting  value  of  both  icurr  and  jcurr  are  1  and  both 
istop  and  jgtop  are  21,  where  igtop  and  jstop  are  integers  that  represent  the  level  of  the  first 
failure  for  each  test.  Each  significance  level  (ai,  a2)  is  obtained  by  computing  ^5^,  *25^, 
respectively. 
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5.  Conduct  the  first  test.  If  the  sample  fails  the  test  at  this  level,  record  the  current  level  in 
igtop.  Then  proceed  to  Step  (7). 

6.  If  the  sample  passes  at  the  current  level,  increment  icurr  by  1.  If  the  range  of  desired  levels 
has  been  tested  {icurr  >  20)  then  leave  igtop  —  21,  indicating  no  failures,  and  proceed  to  Step 
(7).  Otherwise,  return  to  Step  (5)  with  the  new  value  for  icurr- 

7.  Conduct  the  second  test.  If  the  sample  fails  the  test  at  this  level,  record  the  current  level  in 
3 stop.  Then  proceed  to  Step  (8). 

8.  If  the  sample  passes  at  the  current  level,  increment  jcurr  by  1.  If  the  range  of  desired  levels 
has  been  tested  {jcurr  >  20)  then  leave  jgtop  =  21,  indicating  no  failures,  and  proceed  to  Step 
(9).  Otherwise,  return  to  Step  (7)  with  the  new  value  for  jcurr- 

9.  Now  that  the  failure  points  have  been  determined  from  the  steps  above,  increment  the  ap¬ 
propriate  counters  in  the  array  A;  increment  Aij  for  all  {i,j)  such  that  i  >  igtop  or  j  >  jgtop^ 
avoiding  duplication  in  the  intersection  of  the  two  sets,  which  is  executed  by  Inc  =  Faill 
I  Fail2  and  A(:,  :,  n/5)  =  A(:,  :,  n/b)  +  Inc,  where  Faill  (Fail2)  is  an  array  of  Os  and  Is 
indicating  at  what  levels  the  sample  failed  test  #1  (#2),  The  Inc  array  is  the  union  of  the 
two  and  will  be  used  to  increment  the  main  count  array  A.  A  detailed  code  for  this  attained 
significance  level  can  be  found  in  Appendix  I.l. 

10.  Repeat  steps  (1)  through  (9)  for  100,000  samples 

11.  Repeat  steps  (1)  through  (9)  for  every  sample  size  (n)  selected. 

12.  Finally,  As  a  result  from  all  steps  above.  Aij  has  the  counts  for  the  number  of  rejections  of 
a  true  null  hypothesis  for  the  corresponding  combinations  of  significance  levels  ai  =  and 
^2  =  loo*  Calculate  a-level,  aij  =  Aij/ 100, 000,  to  find  the  attained  significance  level  for  a 
given  combination,  Ofj. 
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3,5  Power  Study 


3.5.1  Background.  The  significance  levels  give  the  probability  of  rejecting  the  null  hy¬ 
pothesis  when  it  is  true.  One  would  like  to  reduce  the  probability  of  rejecting  the  null  hypothesis 
when  it  is  true.  In  other  words,  one  would  like  to  increase  the  probability  of  rejecting  Hq  properly 
when,  in  reality,  it  is  not  true.  It  is  common  to  survey  and  compare  the  powers  of  several  tests 
against  a  variety  of  statistical  distributions  to  determine  the  usefulness  of  a  given  test.  In  this 
research,  two  set  of  power  studies  were  conducted  .  One  of  them  was  devoted  to  such  a  com¬ 
parative  analyses.  A  previous  gamma  power  study  using  EDF  statistics,  CvM,  A-D,  and  K-S 
EDF  test  statistics  developed  by  Woodruff  et  al.  [81]  was  utilized.  Whenever  this  sequential  test 
demonstrates  it  has  equivalent  or  better  power  against  alternative  distributions  selected  for  the 
comparative  power  study  it  suggests  that  this  sequential  test  is  powerful  enough  to  be  utilized  in 
the  goodness  of  fit  test  field.  Another  set  of  power  studies,  common  alternatives,  allow  some  direct 
comparisons  with  the  powers  of  tests  for  the  gamma  distribution  with  known  shape  found  in  the 
literature.  The  next  section  specifically  discusses  several  of  these  alternative  distributions  which  be 
used  for  power  study. 

3.5.2  Alternative  Distributions. 

3.5.2. 1  Common  Alternatives.  These  particular  distributions  for  direct  comparison 
have  commonly  been  used  in  power  studies.  Since  the  logistic,  Cauchy,  double  exponential,  and 
normal  alternatives  are  defined  over  the  entire  real  line  but  the  gamma  distribution  is  defined  on 
the  positive  half,  the  random  variates  of  these  distributions  were  converted  to  the  positive  real  line 
by  exponential  transformation.  The  associated  null  hypothesis  and  alternative  distributions  are 
shown  in  Table  3.4. 

3. 5. 2. 2  Woodruff  Alternatives.  Woodruff  et  al.  selected  10  alternative  distributions 
and  obtained  EDF  test  statistics  (K-S,  A-D,  and  CvM)  for  those  alternative  distributions.  Alter- 
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Table  3.4  Common  Alternatives  for  Direct  Power  Study 


Ho 

Ha 

13  =  0.5 

x"(i) 

XLogistic 

Xdouble-Exp. 

XCauchy 

P  =  1 

Beta  (2,2) 

Beta  (2,3) 

Gamma  (1,1) 

Gamma  (2,1) 

Gamma  (3.5,1) 

Normal  (0,1) 

Uniform  (0,2) 

Weibull  (2,1) 

xHi) 

Lognormal  (0,1) 

XLogistic  (0,1) 
Xdouble-Exp. 

XCauchy 

)9  =  1.5 

P  =  5.5 

Beta  (2,2) 

Beta  (2,3) 

Weibull  (2,1) 

Normal  (0,1) 

Uniform  (0,2) 

Gamma  (1,1) 

Gamma  (2,1) 

Gamma  (3.5,1) 

native  distributions  are  tested  against  two  different  gamma  null  distributions  {(3  =1.5  and  4.0  )  at 
the  a  =  0.05  significance  level  with  sample  sizes  5,  15,  and  25.  As  mentioned  earlier,  since  this 
sequential  test  is  location  and  scale  invariant,  the  parameters  of  uniform  and  normal  distribution 
are  irrelevant.  Therefore,  the  uniform  (0,2)  and  the  normal  (0,1)  were  used  instead  of  the  ones 
defined  by  Woodfuff  et  al. 


1.  Gamma  (1.5,1) 

2.  Gamma  (2.5,1) 

3.  Gamma  (4,1) 

4.  Weibull  (2,1) 


3-15 


5.  Weibull  (3,1) 


6.  Normal  (0,1) 

7.  Lognormal  (0,1) 

8.  Lognormal  (0,2) 

9.  Uniform  (0,2) 

10.  Beta  (2,2) 

To  specify  a  notation  for  each  distribution  being  used  in  this  thesis,  gamma  (2,1)  is  selected.  The 
values,  2  and  1,  correspond  to  shape  parameter  and  scale  parameter  respectively. 

The  PDFs  plots  for  all  alternative  distributions  considered  follow: 

Beta: 

f{x-,a,0)=  a:“"^(l-a:)^"S0<x<l;a,  ;0>O 

Normal: 

...  1  {  1  f  X  —  - 

f{x;fji,a)  =  — ;=exp  <  --  I -  >  ,  -oo  <  a:  <  +oo;  -oo  <  /x  <  H-oo;  a  >  0 

ay/2n  (  ^  \  ^  /  J 

Uniform: 

f{x-,  61,62)  =  X  ^  j;  ,  6l>X  <61 
02  —  Oi 

Weibull: 

f{x-,M,6)  =  ^  (^)^  'exp  |-  (^)^l ,  a:  >(5;  0  >  0;  /?  >  0 
Chi-squared: 

2.(^/2)-lg-®/2 

2tr(,-/2) 
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Lognormal: 


Logistic(a;,  a,  ^3): 


f{x;a,^)= 


^  exp[-(x  -  a)/P] 


+  exp[-(ir  -  a)/0])^ 


,  — oo  <  a;  <  H-oo;  —oo  <a  <  +oo;  ^3  >  0 


Transformed  Logistic(0,l): 


Double-Exponential(A) : 


f{x  :  A)  =  — - — ,  —00  <  X  <  +oo;  A  >  0 


Transformed  Double-Exponential(0,l): 


F{x)  =  { 


0  if  a:  <  0 

I  if  0  >  a;  <  1 

^  if  1  < 


Cauchy  (a,  A): 


f{x\a,\) 


,  — oo  <  X  <  H-oo;  A  >  0 


Transformed  Cauchy(0,l)- 


fix)  = 


7ra:(l  +  Im  x) 


,x>0 
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Table  3.5  Moments  of  Alternative  Distributions 


Distribution 

/?2 

Gamma  (0.5,1) 

2.824 

11.922 

Gamma  (1,1) 

2.003 

6.027 

Gamma  (1.5,1) 

1.635 

4.015 

Gamma  (2,1) 

1.413 

2.987 

Gamma  (2.5,1) 

1.265 

2.403 

Gamma  (3,1) 

1.155 

2.002 

Gamma  (3.5,1) 

1.070 

1.720 

Gamma  (4,1) 

1.002 

1.511 

Weibull  (2,1) 

0.631 

3.245 

Weibull  (3,1) 

0.618 

2.730 

Normal  (0,1) 

0.000 

3.000 

Lognormal  (0,1) 

6.184 

113.900 

Uniform  (0,2) 

0.000 

1.800 

Beta  (2,2) 

0.000 

2.143 

Beta  (2,3) 

0.286 

2.357 

x"(i) 

2.828 

15.000 

X"(4) 

1.414 

6.000 

In  addition,  since  this  sequential  test  is  based  on  the  third  and  fourth  sample  moments,  these 


moments  for  alternative  distributions  were  derived  as  shown  in  Table  3.5. 


3.5.3  Implementation  of  Power  Study.  The  implementation  of  the  power  study  was 
executed  in  nearly  identical  fashion  to  the  Monte  Carlo  algorithm  used  to  determine  the  attained 
significance  levels.  Recall  that  the  goal  of  a  power  study  is  to  measure  the  proportion  of  times  that 
the  test  correctly  rejects  samples  from  distributions  other  than  that  specified  by  the  null  hypothesis. 
Instead  of  generating  gamma  samples  with  the  shape  parameter  specified  in  that  null  hypothesis, 
the  sample  data  generated  by  this  power  study  came  from  specific  alternate  distributions.  The 
sample  skewness  and  kurtosis  values  were  compared  to  appropriate  critical  values  assuming  our  null 
hypothesis  of  a  gamma  is  true.  Again,  the  attained  significance  level  for  this  omnibus  test  should 
be  determined  to  conduct  the  power  study.  By  simply  changing  the  generator  for  the  samples 
being  tested,  the  basic  algorithm  used  in  the  attained  significance  level  study  can  be  applied  to 
the  direct  power  study  except  for  three  exponentially-transformed  alternative  distributions.  Since 
random  number  generation  routines  for  the  transformed  distributions  in  MATLAB  don’t  exist,  new 
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random  number  generators  were  coded  by  employing  the  inverse  transformation  method  and  then 
these  were  applied  [12].  The  original  probability  density  functions  and  transformed  versions  for 
those  three  distributions  are  listed  in  figures  3.9  and  3.10.  In  addition,  for  the  comparative  analysis 
with  Woodruff  et  al.,  the  only  other  modifications  to  the  algorithm  that  were  needed  are: 

•  only  sample  sizes  studied  by  them  will  be  considered. 

•  only  40,000  samples  instead  of  100,000  samples  used  in  determination  of  critical  value  and 
attained  significance  level  will  be  used  for  the  purpose  of  reducing  run  time.  According  to 
estimation  theory  [78:  326,9],  n  >  40, 000  samples,  guarantee  that  the  first  two  decimal  places 
are  accurate.  This  was  deemed  sufficient  for  our  objective  of  the  power  study. 

The  following  are  the  steps  for  the  power  study. 

1.  Generate  random  deviates  firom  the  alternative  distribution  (Ha)  for  a  fixed  sample  size  n. 

2.  Load  the  critical  values  of  the  null  hypothesis  (Ho)  found  in  earlier  study. 

3.  Calculate  the  test  statistics  for  skewness  and  kurtosis. 

4.  Compare  the  calculated  test  statistic  to  the  appropriate  critical  value  of  null  hypothesis. 

5.  Count  the  number  of  rejections. 

6.  Compute  the  power  of  the  test  for  the  attained  significance  levels. 

The  flowchart  is  also  shown  in  the  Figure  3.11. 

This  test  has  several  options  that  can  be  applied  since  the  test  is  based  on  two  test  statistics 
that  can  be  used  in  several  possible  combinations.  It  is  one  of  the  advantages  of  conducting  two 
moment-based  sequential  tests.  As  a  result,  this  test  would  demonstrate  more  consistent  power 
than  any  single  test  would  suggest  over  broad  range  of  alternatives.  The  three  options  are 

•  Option  1:  Conduct  the  power  study  using  sequential  tests  as  a  primary  evaluation  on  the  two 
sets  of  alternatives  (Sequential  Test  ). 


3-21 


3-22 


Table  3,6  Comparison  of  Moments 


Distribution 

Gamma  (1.5,1) 
Beta  (2,2) 

1.635 

0.000 

4.015 

2.143 

•  Option  2:  Conduct  the  power  study  by  individual  test  for  both-side  with  the  set  of  common 
alternatives  (Individual  Two-tailed  Test ).  The  task  was  to  analyze  the  two-sided  skewness 
and  kurtosis  tests  separately  against  the  sample  set  of  common  alternatives  to  determine 
which  tests  were  most  powerful  against  a  particular  alternative  distribution.  This  test  will 
help  us  determine  the  significance  levels  for  the  two  component  tests  when  they  are  employed 
sequentially.  Recall  that  choosing  the  appropriate  significance  levels  is  very  important  because 
the  power  will  vary  with  the  combination  of  each  component  test.  This  makes  this  test  more 
powerful  and  result  in  better  power. 

•  Option  3:  Conduct,  with  the  set  of  common  alternatives,  the  directional  one-sided  versions 
of  the  skewness  and  kurtosis  tests  respectively  focused  on  quantifying  any  expected  increase 
in  power  (Directional  One-tailed  Test).  It  is  obvious  that  the  one-tailed  test  yields  better 
power  than  the  two-sided  version  because  of  wider  rejection  region.  The  one-sided  version, 
however,  is  recommended  when  the  user  has  prior  knowledge  as  to  which  tail  to  test,  upper  or 
lower.  Under  the  circumstances  that  one  has  such  a  prior  knowledge,  it  may  be  advisable  to 
use  the  more  powerful  of  the  two  tests  individually  since  the  power  of  the  sequential  test  will 
usually  not  exceed  that  of  its  strongest  component  at  the  same  significance  level.  For  one¬ 
sided  test  in  this  research,  the  tail  to  be  tested  was  chosen  by  comparing  the  theoretical  values 
for  the  moments.  Suppose  that  we  want  to  make  a  test  for  the  gamma  shape  /3  =  1.5  against 
Beta  (2,2).  The  theoretical  values  from  Table  3.5  are  given  by:  As  shown  in  Table  3.6,  both 
moments  of  beta  (2,2)  are  less  than  those  of  gamma  (1,5,1).  Hence,  one  could  use  a  lower-tail 
skewness  or  a  lower-tail  kurtosis  test.  Small  set  of  alternatives  and  each  corresponding  tail 
chosen  for  one-tailed  test  power  studies  are  shown  in  Table  3.7  and  Table  3.8. 
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Table  3.7  Distributions  for  One-sided  Skewness  Tests  Conducted 


Ho 

Ha 

Tail  Tested 

Gamma  (1,1) 

Gamma  (3.5,1) 

Lower 

Normal  (0,1) 

Lower 

Weibull  (2,1) 

Lower 

Lognormal  (0,1) 

Upper 

XLogistic  (0,1) 

Upper 

Gamma  (3.5,1) 

Gamma  (1,1) 

Upper 

Gamma  (2,1) 

Upper 

Beta  (2,3) 

Lower 

Table  3.8  Distributions  for  One-sided  Kurtosis  Tests  Conducted 


Ho 

Ha 

Tail  Tested 

Gamma  (1,1) 

Gamma  (3.5,1) 

Lower 

Normal  (0,1) 

Lower 

Uniform  (0,2) 

Lower 

Lognormal  (0,1) 

Upper 

XLogistic  (0,1) 

Upper 

Gamma  (3.5,1) 

Beta  (2,2) 

Upper 

Uniform  (0,2) 

Upper 

Gamma  (1,1) 

Upper 

Gamma  (2,1) 

Upper 

3.6  Conclusion 

This  chapter  described  the  methodology  used  to  generate  the  critical  values  and  the  attained 
significance  level  of  the  sequential  test  and  to  perform  a  power  study.  Unlike  the  other  goodness 
of  fit  tests,  the  attained  significance  level  was  considered  in  implementing  the  tests.  An  extensive 
set  of  Monte  Carlo  simulations  were  coded  and  run  for  generation  of  critical  values  by  employing 
percentile  function  which  can  be  applied  easily  in  MATLAB  for  determination  of  the  attained 
significance  level,  and  for  the  power  study  against  two  sets  of  various  alternative  distributions.  The 
next  chapter  discusses  the  results  that  were  found. 
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IV.  RESULTS  AND  ANALYSIS 


4-1  Introduction 

This  chapter  discusses  the  results  and  analyses  of  the  sequential  test.  To  help  readers  envision 
the  full  scope  of  the  analysis  a  flow  chart  of  key  activities  and  specific  applications  is  provided  in  the 
Figure  4.1,  The  flow  chart  outlines  five  time-dependent  main  activities  and  nine  specific  applications 
involved  in  completing  these  stages  of  the  sequential  test.  First  of  all,  critical  values  for  skewness 
and  kurtosis  at  sample  size  n  =  5(5)50  for  each  gamma  shape  j3  =  0.5(0.5)4  were  obtained  via 
Monte  Carlo  simulations  consisting  of  100,000  iterations  each. 

Once  the  critical  values  for  the  two  test  statistics  had  been  derived  and  analyzed,  the  next 
step  was  to  determine  an  overall  significance  level  for  the  omnibus  test.  Recall  that  individual 
tests  can  be  paired  at  any  number  of  significance  levels,  each  of  which  yields  a  different  overall 
significance  level  for  the  omnibus  test.  In  a  similar  fashion  to  determine  any  critical  value,  attained 
significance  levels  had  to  be  determined  and  tabled.  A  table  look  up  in  the  attained  significance 
level  table  of  combined  significance  levels  for  two  components  is  somewhat  difficult.  Thus,  contour 
plots  [12]  are  also  employed  that  simplify  the  employment  of  the  sequential  test.  Then,  a  test 
example  and  the  analysis  for  attained  significance  levels  with  some  insights  of  the  power  study  are 
carefully  documented. 

Once  determination  of  critical  values  and  attained  significance  level  through  Monte  Carlo 
simulation  had  been  completed,  the  next  step  was  to  conduct  a  power  study.  For  this  power  study, 
the  skewness  and  kurtosis  test  statistics  were  computed  for  each  sample.  These  statistics  were  then 
compared  to  the  critical  values  at  each  significance  level  for  the  sequential  test  as  well  as  for  the 
individual  tests.  As  a  result,  the  number  of  rejections  and  acceptances,  which  tell  one  the  degree  of 
performance,  were  determined  by  comparison  between  test  statistics  and  critical  values.  The  power 
of  the  test  is  the  number  of  rejections  divided  by  the  total  number  of  test  repetitions.  One  seeks 
power  as  close  to  1  as  possible  for  any  distribution  that  is  not  the  gamma  distribution  specified  in 
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Figure  4.1  Flow  Chart  for  Analysis  and  Outline  of  Sequential  Tests 
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the  null  hypothesis.  As  already  noted  earlier,  the  power  studies  consist  of  two  groups  of  studies. 
The  first  set  is  of  common  alternatives.  Those  alternatives  represent  the  more  common  alternative 
distributions  being  used  in  the  goodness  of  fit  test  field.  Hence,  it  is  obvious  that  they  are  good 
candidates  to  identify  any  strength  and  weakness  in  the  power  of  this  sequential  test.  Hence,  power 
studies  were  performed  for  these  common  alternatives.  Specifically  sequential  test  using  two-tailed 
test  for  two  component  tests  were  first  performed.  Then,  power  studies  were  also  conducted  for 
individual  two-tailed  tests,  individual  one-tailed  tests,  and  sequential  directional  variants  tests.  The 
other  set  consists  of  Woodruff  alternatives  [81],  which  play  a  major  roll  as  benchmarks  in  this  thesis 
eflfbrt  because  they  help  reveal  the  relative  strength  or  weakness  of  the  power  of  the  sequential  test. 
At  the  end  of  the  analysis  of  these  power  studies,  analysts  should  be  able  to  evaluate  how  well  this 
test  works  against  a  broad  range  of  alternative  distributions. 

The  power  studies  were  performed  assuming  the  Monte  Carlo  simulations  that  were  devel¬ 
oped  for  this  thesis  produced  valid  results.  Because  the  Monte  Carlo  simulations  are  not  verified 
and  validated  yet,  it  is  no  wonder  that  engineers  and  analysts  who  use  such  model  outputs  to  aid 
in  making  design  recommendations  and  the  managers  who  make  decisions  based  on  these  recom¬ 
mendations  look  upon  the  model  with  some  degree  of  skepticism.  To  reduce  this  skepticism  and  to 
increase  the  model’s  credibility,  numerous  verification  and  validation  techniques  [4:  399-425]  were 
applied  throughout  this  research  effort. 

A  more  detailed  discussion  of  these  topics  is  presented  in  the  final  section  of  this  chapter. 
The  following  sections  summarize  the  detailed  stages  accomplished  for  this  research  effort. 

Next,  the  discussions  about  the  applications  for  the  critical  values  found  through  Monte  Carlo 
simulation  is  presented. 
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J^,2  Critical  Values 


Use  of  these  tables  is  shown  first,  followed  by  some  observations  and  a  discussion  of  the 
findings. 


4-2,1  Use  of  Tables,  To  demonstrate  use  of  the  critical  value  tables,  a  portion  of  the 
tables  for  sample  skewness  for  ^  =  1  is  given  in  Table  4.1. 


Table  4.1  Skewness  Lower /Upper  Tail  Critical  Values  :  ^  =  1.0 


Sample 

Significance  Level 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

-1.161 

t 

o 

00 

00 

-0.639 

-0.541 

-0.464 

10 

-0.459 

-0.333 

frail 

-0.096 

Btil 

0.022 

15 

-0.138 

-0.034 

0.156 

0.218 

0.244 

0.266 

20 

0.051 

0.156 

0.216 

0.337 

0.365 

0.389 

0.411 

0.431 

25 

0.191 

0.286 

0.42 

0.451 

0.479 

0.524 

0.543 

30 

0.301 

0.384 

0.477 

0.511 

0.54 

0.564 

0.588 

0.61 

0.628 

35 

0.398 

0.473 

0.561 

0.594 

0.623 

0.648 

0.689 

0.707 

40 

0.452 

0.528 

0.578 

0.616 

0.647 

IB 

0.718 

0.738 

0.756 

45 

0.511 

0.591 

mSm 

0.674 

0.705 

0.776 

0.794 

0.811 

50 

0.568 

0.637 

IBI 

0.719 

0.75 

mwm 

0.796 

0.816 

0.833 

0.85 

Sample 

Significance  Level  | 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

0.95 

5 

1.486 

1.477 

1.468 

1.459 

1.45 

1.441 

1.424 

1.415 

1.406 

10 

2.464 

2.389 

2.335 

2.291 

2.249 

2.214 

2.143 

2.112 

2.08 

15 

2.971 

2.834 

2.731 

2.652 

2.586 

2.529 

2.475 

2.427 

2.383 

2.34 

20 

3.286 

3.097 

2.966 

2.868 

2.785 

2.713 

2.654 

2.6 

2.548 

2.502 

25 

3.458 

3.241 

3.096 

2.993 

2.904 

2.826 

2.759 

2.698 

2.645 

2.588 

30 

3.646 

3.379 

3.213 

3.088 

2.985 

2.901 

2.826 

2.762 

2.708 

2.658 

35 

3.714 

3.425 

3.26 

3.135 

3.03 

2.943 

2.869 

2,801 

2.744 

2.689 

40 

3.794 

3.51 

3.336 

3.194 

3.082 

2.999 

2,924 

2.857 

2.795 

2.741 

45 

3.846 

3.526 

3.334 

3.203 

3.095 

3.008 

2.929 

2.865 

2.805 

2.758 

50 

3.868 

3.558 

3.357 

3.217 

3.114 

3.021 

2.939 

2.869 

2.81 

2.759 

Suppose  that  we  wish  to  test  the  null  hypothesis  (the  sample  data  comes  from  a  population 
characterized  by  a  gamma  distribution  with  shape  /?  =  1.0)  using  a  sample  of  size  n  =  15  from  the 
assumed  null  distribution. 

The  test  procedure  for  the  skewness  test,  assuming  a  gamma  random  sample  X,  is  given  by 
the  following  steps: 


1.  Identify  the  shape  parameter  for  the  selected  hypothesis;  /3  =  1. 
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2.  Specify  the  significance  level(a)  of  the  test:  The  test  is  conducted  for  significance  level  a  = 

0.01. 

3.  Compute  the  test  statistic:  \/6i  ’ 

4.  Extract  the  critical  value  from  the  appropriate  table.  For  the  row,  sample  size  n  =  15  is 
selected.  For  the  column,  this  is  a  two-tail  test  as  noted  on  formal  statement  of  the  sequential 
test  in  the  previous  chapter.  Since  the  significance  level  (a)  chosen  is  0.01,  the  significance 
level  column  on  the  table  given  is  respectively  f  =  0.005  (lower  tail)  and  (l-f )  =  0.995 
(upper  tail).  Critical  values  found:  lower  tail  \/5i(o.oo5)  “  -0.138,  upper  tail  Vbi(o,995)  = 
2.971. 

5.  Compare  the  computed  test  statistic  value  to  the  critical  value  extracted  from  the  table. 

6.  Suppose  the  test  statistic  of  skewness  for  the  above  gamma  random  sample  equals  2.291.  So, 
-0.138  <  V6i  =  2.291  <  2.971.  Therefore,  one  concludes  that  Hq  is  true. 

4-J3.2  Observations  on  the  Critical  Values,  Tabled  lower/upper  y/hi  and  62  values  for 
shape  parameters  /?  =  0.5(0.5)4  are  listed  in  Appendix  A.  Graphical  displays  can  be  used  to 
display  trends.  A  scatter  plot  is  one  of  most  widely  employed  visualization  tools.  The  upper  and 
lower  tail  critical  values  at  several  significance  levels  were  plotted  against  the  sample  size  for  each 
value  of  the  gamma  shape  parameter.  For  illustration  purposes,  the  skewness  and  kurtosis  critical 
values  for  ^  =  1  are  presented  in  Figure  4.2.  All  critical  value  plots  for  a  given  shape  parameter 
are  available  in  Appendix  B. 

The  significance  levels  selected  for  the  plots  are  0.01,  0.10,  and  0.20  for  lower  tail  test  and 
0.8,  0.9,  and  0.99  for  upper  tail  test.  The  lower  tail  plot  can  be  found  at  the  lower  part  of  the  figure 
and  the  upper  tail  plot  in  the  upper  part. 

Looking  at  the  trend  lines  closely  on  the  plots  and  comparing  those  trend  lines  to  the  values 
in  the  table  of  critical  values  generated  in  this  thesis,  certain  obvious  trends  can  be  observed. 
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Skewness  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 


Sample  Size  (n) 


Kurtosis  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 


Sample  Size  (n) 

Figure  4.2  Critical  Values  for  Skewness  and  Kurtosis,  /3=1 


It  can  be  shown,  as  sample  size  increases,  the  critical  values  converge  toward  theoretical  values 
for  skewness  and  the  kurtosis.  The  theoretical  values  are  shown  in  Table  3.5.  It  is  obvious  that 
the  range  for  sample  skewness  is  at  least  four  times  narrower  than  that  for  kurtosis.  It  can  also 
be  seen  that  the  sample  skewness  critical  values  increase  and  converge  more  rapidly  than  those 
for  kurtosis;  this  characteristic  might  make  the  y/hl  test  more  powerful  than  the  62  test  in  many 
cases.  On  the  contrary,  the  high  variability  in  62  seen  in  the  scatter  plots  is  also  apparent.  Some 
important  observations  can  be  made  from  a  comparison  between  the  a  =  0.99  and  both  a  =  0.8 
and  a  =  0.9  levels.  First,  there  is  a  significant  spread  in  the  upper  tail  between  a  =  0.99  and 
both  a  =  0.8  and  a  =  0.9  over  all  shape  parameters.  Secondly,  the  slope  of  convergence  toward 
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the  theoretical  values  is  fast  at  small  sample  sizes.  Finally,  the  slope  gets  decreases  as  sample  size 
increases.  Additionally,  the  general  variability  of  the  critical  value  of  the  kurtosis  test  decreases  as 
shape  parameter  increases.  However,  it  should  be  noted  that  the  lower  tail  kurtosis  values  do  not 
demonstrate  a  similar  level  of  variability,  but  rather  remain  relatively  constant.  This  is  especially 
true  for  sample  size  5.  The  critical  values  of  the  kurtosis  for  each  lower  and  upper  tail  are  nearly  the 
same  over  all  shape  parameters.  These  observations  lead  to  some  expectations  for  the  kurtosis  test. 
First,  the  kurtosis  test  would  work  well  with  a  lower  tail  test.  Second,  the  test  would  contribute 
more  to  the  sequential  test  power  at  larger  values  of  the  shape  parameter  than  at  smaller  values. 
As  the  shape  parameter  increases,  a  higher  power  is  expected.  Third,  in  this  sequential  test  for 
a  three-parameter  gamma  distribution,  the  kurtosis  test  will  be  dominated  by  the  skewness  test 
due  to  the  high  degree  of  variability  in  the  upper  tail  kurtosis  values  for  sample  sizes  greater  than 
or  equal  to  10.  Validation  of  these  expectations  is  left  to  the  individual  two-tailed  tests  presented 
later. 

Another  observation,  not  to  be  overlooked  in  the  plots,  is  that  the  lower  tail  critical  values  for 
both  skewness  and  kurtosis  are  monotonically  increasing  with  sample  size.  However,  the  behavior 
of  the  upper  tail  is  different  for  each  value  of  the  shape  parameter.  When  the  shape  parameter 
P  is  less  than  one,  the  upper  tail  critical  values  monotonically  increase  displaying  different  slopes 
for  each  value  of  the  significance  level.  However,  the  rate  of  increase  for  the  upper  tail  \/5i  values 
gradually  becomes  smaller,  and  remains  relatively  constant  at  ^  =  1.5,  while  the  b2  values  continue 
to  increase,  although  not  as  fast  as  with  smaller  shapes.  When  >  2,  note  the  upper  tail  skewness 
values  for  a  =  0.99  begin  to  display  a  decreasing  tendency  for  increasing  sample  size;  this  is  also 
true  for  the  upper  tail  \/hi  values  for  level  a  =  0.9  at  ^  =  2.5.  The  values  for  the  0.8  level,  however, 
do  not  show  the  decreasing  trend  over  all  shapes.  The  behavior  of  the  critical  values  above  is  not 
surprising  since  the  critical  values  should  be  converging  to  the  theoretical  values  as  n  gets  big.  If 
n  gets  large  enough  they  should  get  close  together  (e.g.  n  —  2000).  With  the  observation  above, 


4-7 


Table  4.2  Partial  Attained  Significance  Levels  (^  =  1,  n  =  5) 


1  Kurtosis  Test  (a)  | 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.10 

■ 

0.01 

0.015 

0.025 

0.035 

0.045 

0.055 

0.065 

0.075 

0,085 

0.094 

0.104 

1 

0.02 

0.025 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.099 

0.109 

■ 

0.03 

0.035 

0.04 

0.045 

0.055 

0.065 

0.075 

0.085 

0.095 

0.104 

0.114 

9 

0.04 

0.045 

0.05 

0.055 

0.06 

0.07 

0.08 

0.09 

0.1 

0.109 

0.119 

9 

0.05 

0.055 

0.06 

0.065 

0.07 

0.075 

0.085 

0.095 

0.105 

0.114 

0.124 

9 

0.06 

0.065 

0.07 

0.075 

0.08 

0.085 

0.091 

0.1 

0.11 

0.119 

0.129 

0.07 

0.075 

0.08 

0.085 

0.09 

0.095 

0.1 

0.106 

0.115 

0.124 

0.134 

p 

0.08 

0.085 

0.09 

0.095 

0.1 

0.105 

0.11 

0.115 

0.121 

0.129 

0.139 

0.09 

0.095 

0.1 

0.105 

0.11 

0.115 

0.12 

0.125 

0.13 

0.136 

0.144 

0.1 

0.105 

0.11 

0.115 

0.12 

0.125 

0.13 

0.135 

0.14 

0.145 

0.151 

it  is  expected  that  the  lower  tail,  which  show  lower  degree  of  variability  for  both  component  tests, 
would  contribute  more  to  the  power  of  the  sequential  tests. 


4-3  Attained  Significance  Levels 

Once  the  critical  values  for  the  two  test  statistics  have  been  derived  and  analyzed,  then,  an 
appropriate  significance  level  must  be  determined  for  each  test  such  that  when  combined  sequen¬ 
tially,  they  yield  the  desired  overall  significance.  Recall  that  the  individual  tests  can  be  paired  at 
any  number  of  significance  levels,  each  of  which  yields  a  different  overall  significance  level  for  the 
omnibus  test. 

The  Monte  Carlo  simulation  enabled  us  to  approximate  these  levels  for  all  shape  parameters, 
sample  sizes  selected,  and  all  combinations  of  significance  levels  for  both  tests  for  a  =  0.01(0.01)0.20. 
The  results  of  the  calculations  can  be  presented  in  tabular  format  as  shown  in  Table  4.2  for  ^  =  1. 

For  selection  of  each  significance  level  for  two  components,  Using  only  the  tabular  format 
is  less  effective  and  quite  time  consuming.  To  obtain  each  significance  level,  a  contour  plot  [12] 
can  also  be  employed.  The  contour  plot  significantly  facilitates  choosing  the  combination  of  each 
a  level  for  two  tests  roughly.  Then  tabular  format  can  be  used  to  get  precise  combination  for 
each  significance  level.  The  attained  significance  levels  were  drawn  for  each  shape  and  sample  size 
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Figure  4.3  Contour  Plot  for  Overall  Significance  Levels  (/3  =  1,  n  =  20) 


Attained  Significance  Levels;  p  =  1,  Sample  size  «  20 


combination.  The  attained  significance  level  for  /3  =  1  can  be  found  in  Appendix  C.  Note  also  that 
the  only  contour  plots  are  shown  in  Appendix  D  are  ones  for  /?  =  0.5. 

4.3.1  Test  Example.  The  contour  plot  for  shape,  0=1  and  sample  size  20,  is  displayed  in 
Figure  4.3  for  illustration  purposes.  The  first  step  of  the  sequential  test  is  to  determine  an  overall 
significance  level  using  contour  plot.  Once  one  has  determined  the  overall  significance  level,  the 
next  step  is  to  get  an  individual  significance  level  for  the  skewness  and  kurtosis  components.  Prom 
the  given  tabular  and  contour  plot,  as  mentioned  earlier,  one  can  get  numerous  combinations  of 
significance  levels. 

Let’s  suppose  that  we  conduct  this  sequential  test  at  an  overall  significance  level,  say  a=0.10 
for  a  sample  of  size  20  with  an  hypothesized  gamma  shape  0=1.  Some  combinations  we  can 
obtain  from  Table  4.2  and  Figure  4.3  are  shown  in  Table  4.3, 
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Table  4 


.3  Possible  Significance  Level  Combinations 


Significance  Levels 

Attained  Level 

0.050 

0.092 

0.1 

0.060 

0.089 

0.1 

0.080 

0.080 

0.1 

0.090 

0.060 

0.1 

At  this  point,  numerous  possible  combinations  force  us  to  decide  which  combination  of  two 
components  should  be  applied.  To  make  the  test  more  effective,  prior  knowledge  is  required  to 
select  a  particular  combination  of  levels  among  those  possible  options.  Normally,  an  analyst  would 
conduct  the  test  with  equal  significance  levels  with  no  prior  information  using  0.08  for  skewness 
and  kurtosis  test.  The  discussion  of  the  case  where  the  analyst  has  a  prior  knowledge  about  an 
alternative  distribution  he  or  she  is  going  to  test  will  be  delayed  until  later.  Now,  provided  that 
we  conduct  the  skewness  at  01=0.08  and  the  kurtosis  test  similarly  at  02=0.08,  we  can  look  up 
the  critical  value  from  the  critical  value  Table  4.1  for  the  same  shape  parameter  and  sample  size. 
Performing  two-tail  test,  the  low  tail  critical  value  can  be  found  in  the  ^  =  0.04  column  and  (1- 
=  0.96  column  for  the  skewness  test.  The  low  and  upper  tail  critical  values  are  0.389  and  2.6 
respectively.  Using  Appendix  A  in  a  similar  fashion,  for  the  kurtosis  test,  the  lower  tail  value  is  1.9 
and  the  upper  tail  value  is  9.974. 

For  the  case  where  prior  knowledge  about  potential  alternatives  are  available,  one  simply 
selects  the  higher  significance  level  for  the  test  that  he  or  she  expects  to  be  more  powerful.  This 
is  likely  to  be  more  powerful  in  discriminating  among  the  possible  alternatives  since  the  power  is 
proportionally  increasing  as  the  a  level  gets  bigger. 


4-S.S  Observations  on  Attained  Significance  Levels.  The  trend  of  attained  significance 
levels  might  be  directly  related  to  the  power  of  this  sequential  test  for  a  three-parameter  gamma 
distribution.  To  find  out  the  trends,  it  is  more  useful  to  look  at  the  contour  plots  so  that  we  can 
easily  get  some  insights,  which  can  lead  us  to  utilize  this  test  more  effectively. 
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0.20 


Attained  Significance  Levels:  p  >  0.5.  Sample  size  •>  5 


Attained  Significance  Levels:  p  «  0.5,  Sample  size  >  50 


Figure  4.4  Linear  vs.  Curvature  Trend 


A  trend  of  increasing  curvature  (Figure  4.4)  is  very  apparent  over  all  shape  parameters,  as 
sample  size  increases.  For  instance,  look  at  an  attained  significance  level,  a  =  0.15.  The  0.15  level 
line  on  the  contour  plot  with  sample  size  5  is  a  slightly  curved  line  (linear  trend),  but  the  0.15 
level  on  the  contour  plot  with  sample  size  50  lines  up  almost  directly  with  the  grid  lines  of  x-y  axis 
(curvature  trend).  These  trends  can  be  analyzed  as  follows  relative  to  the  power  of  sequential  test. 
First,  the  significance  level  for  each  individual  test  varies  a  lot  with  linear.  With  curvature,  the 
skewness-level  of  one  test  remains  almost  constant,  while  the  kurtosis-level  varies  over  a  large  range. 
For  example,  suppose  that  one  makes  a  combination  of  a-levels  of  each  component  with  a  =  0.15 
for  the  plot  with  curvature  trend.  The  skewness-level  remains  the  same  (0.15)  until  the  kurtosis- 
level  reaches  0.11;  or  similarly,  the  kurtosis-level  remains  the  same  (0.15)  until  the  skewness-level 
reaches  0.08.  For  a  short  distance,  that  is,  for  the  rest  of  the  portion  on  the  (0.15)  level  line,  the 
significance  level  of  each  individual  test  varies  in  a  manner  similar  to  the  linear.  However,  note  that 
the  level  with  linear  varies  greatly  over  all  ranges  on  the  line.  This  might  imply  that  the  power 
of  sequential  test  would  be  determined  by  using  more  possible  combinations  at  small  sample  sizes. 
Hence,  it  is  important  to  more  carefully  select  a  significance  level  for  each  skewness  and  kurtosis 
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Attained  SigntTicanoe  Levels:  p  >*  1,  Sair^e  size  ••  5  Attained  Significance  Levels:  p  «•  1 ,  Sampie  size  >  50 


Figure  4.5  Decreasing  Density  for  Large  vs.  Small  Samples 

test  at  small  sample  size  than  for  larger  sample  sizes.  Once  again  we  use  the  individual  two-tail 
power  study  to  validate  the  above  expectation. 

In  addition,  a  trend  in  increased  curvature  is  a  good  feature  for  this  sequential  test  since  this 
makes  it  possible  to  conduct  each  individual  test  with  higher  significance  levels,  which  are  close  to 
the  overall  significance  level.  It  is  true  that  power  increases  when  one  makes  a  test  with  a  higher 
overall  a-level.  In  the  case  where  little  information  is  available,  the  strategy  of  picking  individual 
test  levels  close  to  the  overall  significance  level  will  preserve  better  power  performance. 

Another  observation  is,  as  sample  size  increases,  we  note  a  decreasing  trend  in  density  for  the 
contours  along  the  diagonal  (toward  upper  right  corner).  In  other  words,  there  are  higher  attained 
a-level  lines  at  the  upper  right  corner  with  smaller  sample  sizes.  This  can  be  seen  in  Figure  4.5.  It 
should  be  noted  that  one  can  obtain  a  higher  significance  level  for  each  component  test  at  larger 
sample  sizes  with  fixed  a  level.  This  suggests  the  sequential  test  will  be  powerful  at  larger  sample 
sizes  than  smaller  sample  sizes.  However,  the  decreasing  density  gets  reduced  with  a  large  shape 
parameter,  i.e.  as  shape  increases,  the  contour  lines  increase  as  seen  in  Figure  4.6.  What  this 
implies  is  better  performance  in  power  with  a  smaller  shape  parameter.  This  can  be  verified  by 
obtaining  higher  significance  level  for  each  component  test  with  fixed  attained  significance  level. 
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Attained  Significance  Levels:  p  -  0.6,  Sample  size  «  50 


Attained  Significance  Levels:  p  -  4,  Sample  size  -  50 


Kurtosis  Testct-level  Kurtosis  Testa-level 

Figure  4.6  Increasing  Density  with  Larger  Shape 

Power  Study 

The  determination  of  critical  values  and  the  attained  significance  level  through  Monte  Carlo 
simulation  was  completed.  The  next  step  involves  two  sets  of  power  studies.  The  outline  of  the 
power  studies  is  shown  in  Figure  4.7. 

For  the  common  alternative  distributions,  the  sequential  test  power  is  analyzed.  In  addition 
to  the  sequential  test,  an  individual  two-tailed  test  power  study  was  conducted,  which  provides 
insights  in  selecting  the  appropriate  combinations  of  significance  levels  to  get  better  power.  Recall 
that  the  power  performance  varies  by  the  different  combination  of  significance  levels  chosen. 

The  directional  one-tailed  test  followed  by  an  individual  two-tailed  test  power  study  has  some 
merits.  As  long  as  one  has  some  prior  knowledge  about  the  alternative  he  or  she  is  trying  to  test, 
the  one-tailed  test  will  certainly  demonstrate  better  power  than  that  of  the  original  two-tailed  test. 
To  verify  this,  a  directional  one-tailed  power  study  was  performed. 

As  a  final  set  of  test  for  common  alternative  power  studies,  a  sequential  directional  variants 
power  study  was  tried.  If  directional  one-tailed  test  power  certainly  demonstrates  improved  power, 
it  is  logical  to  expect  that  directional  variants  of  the  sequential  tests  employing  an  appropriate 


one-sided  version  that  substitutes  the  original  two-sided  version,  would  also  be  more  powerful  than 
the  power  of  the  sequential  test  using  the  two-sided  version.  This  improved  power  is  verified  using 
lognormal  alternative. 

To  observe  the  performances  of  the  sequential  tests,  the  individual  two-tailed  tests,  the  di¬ 
rectional  one-tailed  tests,  and  the  sequential  directional  variants  tests  listed  above,  power  studies 
start  with  common  alternatives  in  the  following  section. 

44-1  Common  Alternatives.  For  common  alternatives,  the  sequential  power  study  was 
first  documented  along  the  sequential  power  tables.  The  individual  skewness  and  kurtosis  tests 
were  then  examined  against  those  alternatives  to  determine  which  test  was  more  powerful  against 
certain  alternatives.  The  corresponding  complete  power  comparison  plots  between  sequential  and 
individual  two-tailed  tests  are  shown  in  Appendix  F.  Finally,  a  one-tailed  test  for  each  component 
test  for  a  subset  of  alternatives  was  made  to  explore  the  behavior  of  power  for  the  sequential  test 
as  well  as  for  individual  tests. 

44  i-i  Sequential  Test  Power.  A  power  study  was  carried  out  using  40,000  samples 
of  sizes  5,  15,  25,  and  50.  Tables  4.4  through  4.11  show  the  results  of  the  power  study  for  common 
alternative  distributions  with  null  hypotheses:  gamma  /3  =  1;  gamma  P  =  3.5  with  significance 
levels  a  =  0.05  and  a  =  0.1.  Each  of  the  tables  that  follow  report  the  power  for  the  sequential 
test  for  two  or  three  different  combinations  of  significance  levels  for  the  skewness  and  kurtosis  tests 
that  yield  an  attained  significance  level  as  close  as  possible  (±0.02)  to  the  a  =  0.05  and  0.1.  In 
most  cases,  the  power  of  a  sequential  test  result  is  between  the  individual  two-tailed  skewness  test 
and  kurtosis  test  as  shown  in  the  power  comparison  plots  in  the  Appendix  F.  In  many  cases,  the 
skewness  test  occupies  the  most  powerful  position,  in  some  cases,  the  kurtosis  test  does.  Therefore, 
in  choosing  the  significance  level  for  both  component  tests,  one  combination  was  chosen  at  the 
boundary  of  skewness,  another,  at  that  of  kurtosis,  and  the  other  (if  it  is  shown)  using  similar 
significance  level  for  both  components.  Doing  so  helps  one  identify  not  only  the  full  range  of  power 
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covered  by  an  individual  significance  level,  but  which  combinations  can  contribute  to  higher  power 
for  the  attained  significance  levels  as  well.  The  sequential  power  tables  with  all  combinations  of 
skewness  and  kurtosis  tests  for  —  1  are  tabled  in  Appendix  E. 

Prior  to  the  analysis  of  the  sequential  test  power,  a  prediction  of  this  power  was  made  based 
on  the  skewness  and  kurtosis  values  that  determine  the  shape  of  a  specific  distribution.  The 
supposition  that  the  narrower  range  of  the  skewness  critical  values  and  rapid  convergence  would 
make  the  skewness  test  more  powerful  than  the  kurtosis  test,  in  most  cases  was  sustained  again. 
Thus,  we  expect  that  skewness  will  affect  the  power  more  strongly  than  kurtosis.  However,  we 
also  expect  that  the  power  of  those  alternative  distributions  with  similar  skewness  and  kurtosis  as 
those  of  the  null  hypothesis  will  reveal  relatively  poor  power.  Similarly,  a  graphical  analysis  of  the 
alternative  distributions  provides  some  insights  about  the  behavior  of  the  sequential  power.  That 
is,  if  the  null  hypothesis  distribution  differs  greatly  from  the  distribution  in  a  specific  alternative, 
higher  power  is  expected.  Of  course,  in  the  case  where  the  null  distribution  and  the  alternative 
distribution  are  exactly  the  same  (e.g.  Hq:  gamma  (1,1)  vs.  Hai  gamma  (1,1)),  the  power  should 
be  the  same  as  the  level  of  significance.  The  power  for  the  previous  case  is  a  very  good  example 
of  verification  for  coding  of  the  power  studies.  More  detailed  verification  and  validation  will  be 
given  later.  The  next  section  discusses  the  power  results  for  a  null  hypothesis:  gamma,  l3  =  1;  and 
gamma,  /?  =  3.5. 

The  general  trends  in  this  sequential  test  power  are 

•  As  the  significance  level  increases,  the  power  increases. 

•  As  the  sample  size  increases,  the  power  increases. 

Of  course,  the  common  power  results  above  are  not  surprising,  for  the  first  item,  since  the  Type 
I  error  is  in  inverse  proportion  to  the  Type  II  error.  As  the  Type  II  error  decreases,  the  power 
obviously  increases.  Regarding  the  second  item,  it  also  makes  sense.  With  the  larger  samples,  more 
information  is  available.  Consequently,  higher  power  can  be  achieved.  In  general,  the  power  results 
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of  the  sequential  test  (Tables  4.4  through  4.11)  based  on  skewness  and  kurtosis  showed  significant 
power  over  a  variety  of  alternatives  chosen  and  demonstrated  that  it  is  powerful  enough  to  be  used 
in  the  goodness  of  fit  test  field.  The  following  sections  include  detailed  discussion. 

Power  Results  for  Shape  Parameter  ^  =  1.0,  The  power  of  the  sequential 
test  is  presented  in  Table  4.4  through  Table  4.7.  The  results  of  the  power  study  over  both  shape 
parameters  /3  =  1  and  3.5  fall  into  three  categories.  Our  notation  XLogistic,  XCauchy,  and  Xdouble- 
Exp.  refer  to  the  transfromed  logistic,  Cauchy,  and  double-exponential  distributions  respectively. 


Category 

. 

Alternative  Distributions 

1 

Beta,  Uniform,  Normal,  Weibull,  XLogistic,  XCauchy,  and  Xdouble-Exp. 

2 

Gamma(^  =  2  and  3.5),  ^  stnd  4),  and  Lognormal 

3 

Gamma(^  =  1) 

First,  when  null  hypothesis  distributions  differ  greatly  from  all  of  the  alternatives  in  shape 
with  the  exception  of  gamma  {^=2  and  3.5),  =  1  4),  and  lognormal  (0,1)  distributions; 

the  sequential  test  demonstrates  excellent  power.  The  sequential  test  correctly  rejects  at  least 
71.4%  of  the  samples  over  category  1  alternatives,  as  shown  in  the  table  above,  for  sample  sizes  50 
and  a  significance  level  0.05.  At  significance  level  0.1,  the  power  was  of  course  improved  because 
of  the  increased  a  level.  The  least  rejection  percentage  increased  from  71.4  to  82%  for  the  Weibull 
distribution  that  shows  the  weakest  power  among  category  1.  Secondly,  as  noted  in  the  literature, 
gamma  distributions  have  as  special  cases  the  distribution  when  shape  parameter  (13)  =  z//2  and 
location  parameter  (J)  =  1/2.  The  gamma  distribution  shares  with  the  lognormal  distribution  the 
property  of  closely  mimicking  a  normal  distribution  when  (3  is  sufficiently  large,  ^  >  15.  Therefore, 
for  those  alternatives  which  have  a  close  relationship  with  null  hypothesis  in  shape,  specifically,  the 
alternatives  that  do  not  differ  greatly  in  shape,  such  as  gamma,  lognormal  distributions 

(Category  2),  the  power  of  the  sequential  test  demonstrates  relatively  lower  power  than  that  of 
other  distributions.  The  third  group  of  power  study  represent  results  for  the  gamma  alternatives 
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e  4.6  Power  of  Sequential  Tests  for  Gamma  Distribution,  1  {a=  0.1) 

Significance  Level  | 

Attained  y/bi  test  62  test  I 

0.100  0.09  0.02 

0.100  0.06  0.07 

0.099  0.02  0.09 

0.101  0.10  0.01 

0.100  0.07  0.08 

0.098  0.03  0.09 

0.100  0.10  0.01 

0.101  0.07  0.09 

0.101  0.01  0.10 

0.100  0.10  0.01 

0.101  0.09  0.08 

0.100  0.01  0.10 

XLogistic(0,l) 

Power 

0.291 

0.279 

0.303 

0.506 

0.470 

0.468 

0.673 

0.628 

0.605 

0.879 

0.870 

0.819 

Lognorm(0,l) 

Power 

0.133 

0.126 

0.135 

0.204 

0.184 

0.189 

0.259 

0.232 

0.237 

0.371 

0.357 

0.331 

Weibull(2,l) 

Power 

0.138 

0.118 

0.075 

0.383 

0.339 

0.254 

0.572 

0.516 

0.321 

0.826 

0.815 

0.603 

Normal(0,l) 

Power 

0.215 

0.179 

0.095 

0.709 

0.661 

0.553 

0.898 

0.871 

0.709 

0.993 

0.992 

0.961 

Uniform(0,2) 

Power 

0.203 

0.189 

0.128 

0.768 

0.760 

0.690 

0.967 

0.964 

0.929 

i-H  tH  t-H 

1 

Beta(2,3) 

Power 

0.156 

0.135 

0.084 

0.549 

0.500 

0.391 

0.824 

0.778 

0.572 

0.993 

0.992 

0.949 

Beta(2,2) 

Power 

0.203 

0.171 

0.098 

0.760 

0.718 

0.608 

0.964 

0.950 

0.842 

666*0 

I 

I 

Sample 

Size 

in 

rH 

(M 

0 

iO 
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with  the  same  shape  parameter.  The  power  of  percentage  of  rejections  of  the  null  hypothesis  is 
very  close  to  the  significance  level  of  the  tests  regardless  of  sample  size,  as  expected.  For  instances, 
the  power  of  gamma  (1,1)  is  close  to  the  0.05  significance  level.  We  also  see  this  with  /?  =  3.5.  For 
the  x^(l)  alternative,  the  shape  is  similar  to  gamma  with  0.5  shape.  Thus,  our  expectation  that 
the  power  of  the  x^(l)  distribution  wouldn’t  reveal  much  better  power  than  the  significance  level 
was  confirmed. 


Power  Results  for  Shape  Parameter  (3  =  3.5.  The  power  results  for 
shape  P  =  3.5  are  shown  in  Table  4.8  to  Table  4.11.  When  null  hypothesis  distributions  differ 
greatly  from  all  of  the  alternatives  in  shape,  with  the  exception  of  gamma  (/?  =  1  and  2)  and 
X^(4)  distributions,  the  sequential  test  shows  good  power  with  results  following  a  parallel  trend 
to  the  shape  parameter  /3  =  1.  However,  for  those  alternatives  which  have  relationships  with  the 
null  distribution  which  do  not  differ  greatly  in  shape,  such  as  gamma  and  x^(4),  the  power  of  the 
sequential  test  revealed  relatively  lower  power.  The  sequential  test  power  for  Weibull  distribution 
with  shape  /?  =  2  recorded  fairly  low  power,  unlike  with  shape  P  =  1,  This  is  not  surprising.  It  can 
be  explained  by  the  comparison  of  the  third  moment.  For  a  Weibull  distribution,  the  sequential 
power  depends  on  skewness  much  more  than  kurtosis  as  shown  on  the  power  comparison  plot  of 
individual  skewness  and  kurtosis.  The  difference  of  skewness  value  between  null  hypothesis  and 
Weibull  distribution  (/3  =2)  is  not  large  as  noted  on  skewness  Table  3.5.  Consequently,  the  power 
against  Weibull  distribution  turned  out  to  be  relatively  low. 

Individual  Two-tailed  Skewness  and  Kurtosis  Test  Power.  The  objective  of 
this  power  study  is  first  to  help  quantify  which  tests  were  most  powerful  against  specific  alternatives 
to  gain  insight  into  selecting  the  appropriate  combinations  of  significance  levels  to  get  better  power 
when  used  sequentially.  Second,  it  is  also  very  useful  to  understand  the  behavior  of  the  sequential 
test  power  as  compared  to  individual  two-tailed  test  power.  Appendix  F  shows  the  power  compar- 
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_ _  Table  4.10  Power  of  Sequential  Tests  for  Gamma  Distribution,  3.5  {a  =  0>1)  _ 

Sample  Beta(2,2)  Beta(2,3)  Uniform(0,2)  Normal(0,l)  Weibull(2,l)  |  Logiiorm(0,l)  XLogistic(0,l)  Significance  Level 
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ison  between  the  sequential  test  and  individual  test.  The  power  results  for  the  separate  skewness 
and  kurtosis  tests  are  also  given  in  Appendix  G. 

Four  distinct  patterns  can  be  observed  in  the  power  comparison  plots  appearing  in  this  thesis: 

1.  The  sequential  test  power  was  bounded  by  the  individual  test  power,  which  was  observed 
most  frequently  through  all  shape  parameters  =  0.5  to  4).  The  skewness  test  dominates 
the  kurtosis  test  in  terms  of  power.  Since  the  skewness  test  is  more  powerful  in  this  case 
choosing  a  higher  significance  level  for  the  skewness  test  and  a  correspondingly  lower  level  for 
the  kurtosis  test,  will  yield  higher  power,  while  picking  a  higher  level  for  the  weaker  kurtosis 
test  results  in  lower  power  at  the  same  overall  significance  level.  As  shown  in  Figure  4.8,  the 
power  of  the  sequential  test  lies  between  the  individual  skewness  and  kurtosis  test  power.  The 
jagged  line  indicates  the  sequential  test  power  and  shows  a  considerable  fluctuation  pattern 
depending  on  the  combinations  of  significance  levels  chosen  (Case  I). 

2.  Another  case  is  when  the  sequential  test  power  seemed  to  dip  below  that  of  both  component 

tests  as  shown  in  Figure  4.9.  Those  cases  are  found  in  the  plots,  transformed  logistic  for  (3  = 
0.5,  lognormal,  transformed  double  exponential,  transformed  logistic,  and  transformed 

Cauchy  for  /?  =  1,  and  gamma,  x^(l),  X^(4),  lognormal,  transformed  logistic,  transformed 
double  exponential,  and  transformed  Cauchy  for  /?  —  3.5.  However,  upon  closer  examination 
of  the  results,  for  a  given  attained  significance  level,  the  sequential  test  power  still  lies  between 
the  two  component  test  powers.  Actually,  the  sequential  test  power  is  not  less  than  the  lower 
test  power  of  the  two  components.  These  cases  were  more  a  result  of  the  variability  in  the 
third  decimal  place  of  the  power  estimates  rather  than  indicating  any  real  significant  reduction 
in  power  (Case  II). 

3.  The  other  cases,  such  as  beta,  uniform,  and  Weibull  for  shape  (3  =  3.5,  are  when  the  sequential 
test  power  exceeds  that  of  both  the  tests,  which,  in  fact,  was  observed  rarely  during  these 
power  studies.  A  representative  case  is  given  as  an  example  in  Figure  4.10;  because  of  a 
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particularly  effective  complementary  relationship  between  the  tests.  Of  course,  in  the  most 
ideal  case,  we  would  like  to  observe  this  often.  However,  it  is  possible  when  only  both  tests 
show  good  power  against  specific  alternative  distributions  (Case  III). 

4.  Finally,  in  most  cases  skewness  test'  power  is  higher  than  kurtosis  as  in  case  1.  However,  there 
are  cases  when  the  kurtosis  test  power  dominates  the  skewness  test  power  as  shown  in  Figure 
4.9.  These  are  found  in  the  plots,  x^(l)  stnd  transformed  logistic  for  ^  =  1  and  uniform, 
gamma(j0  =  1  and  2),  x^(i/  =  1  and  4),  transformed  logistic,  transformed  double  exponential, 
and  transformed  Cauchy  for  ^  =  3.5.  These  observations  start  from  shape  parameter,  = 
1.  Then,  as  jS  increases,  the  number  of  the  observations  get  larger.  These  findings  give 
us  valuable  insights.  Kurtosis  becomes  more  of  a  discriminator  against  similarly  shaped 
alternatives,  while,  for  lower  shape  parameters  (e.g.  shape  /3  =  0.5),  skewness  becomes  more  of 
a  discriminator.  For  those  distributions,  a  higher  significance  level  for  kurtosis  test  and  a  lower 
level  for  skewness  will  guarantee  better  power  results.  In  addition,  one  other  observation  found 
is  that  the  kurtosis  test  for  these  cases  enumerated  above  does  not  necessarily  remain  most 
powerful  any  more  as  sample  sizes  increase.  This  might  imply  that  the  kurtosis  test  is  more 
powerful  at  smaller  sample  sizes.  However,  as  sample  sizes  increase,  the  skewness  test  becomes 
dominant.  Thus,  each  component  test  of  the  sequential  test  for  the  gamma  distribution  works 
well  by  compensating  each  other  over  small  and  large  sample  sizes.  Consequently,  both  tests 
provide  on  average,  good  power  over  a  broad  range  of  alternatives  (Case  IV). 

Through  the  examination  of  power  comparison  plots,  we  have  gained  some  insights  which 
are  summarized  as  follows:  As  the  shape  parameter  changes,  the  skewness  and  kurtosis  tests  each 
have  their  own  particular  strengths.  The  dominant  component  varies  with  the  shape  parameters 
and  the  skewness  test  shows  superiority  with  small  shape  parameter  and  large  sample  sizes,  while 
the  kurtosis  test  outperforms  the  skewness  test  at  small  sample  sizes  and  large  shape  parameters. 
Over  all  sample  sizes,  the  average  power  of  the  sequential  test  is  maintained  by  compensation 
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of  both  tests.  As  shown  in  case  I,  normally,  the  sequential  test  power  is  lower  than  in  its  best 
component  test.  The  complementary  nature  of  the  two  tests  working  together  normally  prevents  the 
sequential  test  power  from  slipping  below  that  of  the  weaker  test.  By  picking  the  right  combination 
of  significance  levels,  one  can  improve  the  sequential  power  to  the  point  that  it  is  nearly  equivalent 
with  the  best  component  power.  In  some  cases,  it  exceeds  the  two  tests,  as  stated  above,  by 
complementary  effects.  In  the  critical  value  observations  as  mentioned  earlier,  the  predictions 
that  the  characteristic  of  a  much  narrower  range  of  the  skewness  critical  value  along  with  rapid 
convergence,  would  make  the  skewness  test  more  powerful  was  confirmed  from  the  power  comparison 
plots.  Particularly,  the  skewness  test  is  useful  in  distinguishing  among  skewed  alternatives  as  found 
in  the  plots  for  /3  =  0.5,  and  the  kurtosis  test  becomes  useful  when  the  alternatives  are  nearly 
symmetric  or  very  similarly  skewed.  To  explore  the  behavior  of  the  sequential  test,  a  one-tailed 
test  was  conducted  and  the  results  will  be  discussed  in  the  following  section. 

Directional  One-tailed  Skewness  and  Kurtosis  Test  Power,  Power  compari¬ 
son  plots  not  only  enabled  us  to  observe  the  behavior  of  the  sequential  test  power  and  the  individual 
test  power  measurements  effectively,  but  also  facilitated  combining  the  significance  levels  of  each 
component  test  to  achieve  the  highest  sequential  power  among  potential  combinations.  In  this 
section,  where  one  has  some  specific  prior  knowledge  about  an  alternative  distribution,  or  when 
one  has  the  necessary  time  to  collect  some  information  for  a  particular  alternative,  we  expect  the 
one-tailed  test  to  show  improved  power  performance  against  that  of  the  two-tailed  test.  Since  it  is 
true  that  the  wider  rejection  region  of  a  one-tailed  test  will  enhance  power.  To  check  this  assump¬ 
tion,  a  one-tailed  test  was  performed  for  a  small  set  of  alternatives  as  noted  in  Tables  3.7  and  3.8 
in  the  prededing  chapter.  The  power  results  can  be  found  in  Appendix  H. 

In  the  process  of  these  one-tailed  power  studies,  there  is  an  important  consideration  that 
we  had  to  make.  The  strategy  we  employed  in  selecting  a  tail  to  be  tested  for  each  alternative 
was  based  on  the  skewness  or  kurtosis  values  that  determine  a  shape  of  a  specific  alternative 
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distribution.  In  fact,  the  tailedness,  where  tailedness  indicates  selection  of  upper  or  lower  tail, 
of  a  test  was  chosen  by  comparison  of  the  theoretical  sample  skewness  and  kurtosis  displayed  in 
the  Table  3.5.  For  example,  the  theoretical  sample  kurtosis  values  are  1.720  and  2.143  for  the 
hypothesized  null  distribution,  gamma  (3.5,1)  and  alternative  beta  (2,2)  respectively.  The  kurtosis 
of  the  beta  alternative  is  bigger  than  that  of  the  null  distribution.  Thus,  an  upper  tail  test  should 
be  chosen  in  this  case.  The  principle,  however,  didn’t  always  work  for  beta  (2,2)  and  uniform  (0,2) 
alternatives  with  the  gamma  (3.5,1)  null  distribution.  It  is  because  the  sample  sizes  used  to  get 
the  sample  skewness  and  kurtosis  by  random  number  of  generation  of  MATLAB  were  on  the  order 
of  five  million,  while  the  sample  sizes  that  have  been  used  for  the  power  study  were  5,  15,  25, 
and  50.  As  a  result,  additional  research  is  required  to  determine  which  tail  should  be  used  by  the 
comparison  of  a  sample  skewness  and  kurtosis  values  for  those  alternative  distributions.  For  all 
given  sample  size  cases,  the  kurtosis  value  for  these  two  alternative  distributions  was  obtained  using 
MATLAB.  None  of  these  kurtosis  values  were  bigger  that  that  of  the  kurtosis  values  of  the  null 
hypothesis  distribution  for  each  sample  size  given.  Therefore,  in  these  particular  cases,  although 
an  upper  tail  power  study  should  be  conducted  by  a  comparison  of  theoretical  sample  kurtosis,  a 
lower  tail  test  had  to  be  performed  instead  of  upper  tail  test.  Fortunately,  there  is  an  optional 
way  to  conduct  this  directional  one-tailed  power  study  correctly.  Even  though  one  doesn’t  have 
a  precise  idea  about  the  third  or  fourth  moment,  one  won’t  be  tempted  to  conduct  the  one-tailed 
test  with  a  wrong-sided  test.  In  that  sense,  the  directional  one-tailed  test  is  a  very  effective  test. 
First  option  is  to  determine  the  appropriate  tail  to  be  tested  in  advance  by  comparison  the  moment 
values.  Since  the  computation  of  the  sample  moment  is  a  very  simple  job  it  can  be  done  easily. 
Another  option  is  that,  without  computing  moments,  one  simply  conducts  the  one-tailed  test  twice 
for  each  side  test.  Then,  he  chooses  the  tail  which  produced  the  better  power  result.  The  tail 
chosen  is  the  same  tail  that  was  selected  at  the  first  option.  This  makes  the  best  contribution  to 
the  power  of  the  sequential  test,  and  it  should  be  incorporated  in  the  sequential  test  to  give  the 
best  power.  However,  a  drawback  is  accompanied  with  the  second  option.  It  is  that  conducting 
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Table  4.12  Directional  Power  for  Lognormal(0,l)  -  Hq:  Gamma(l,l);  Hai  Lognorm(05l) 


Sample 

Test 

Significance  Level 

Size 

Version 

0.01 

0.05 

0.10 

0,15 

0.20 

5 

Two-tailed 

0.019 

0.074 

0.136 

0.190 

0.242 

One-tailed 

0.026 

0.096 

0.165 

0.227 

0.285 

15 

Two-tailed 

0.059 

0.136 

0.204 

0.262 

0.318 

One-tailed 

0.080 

0.183 

0.273 

0.347 

0.412 

25 

Two-tailed 

0.085 

0.176 

0.259 

0.323 

0.378 

One-tailed 

0.111 

0.244 

0.348 

0.430 

0.499 

50 

Two-tailed 

0.134 

0.270 

0.371 

0.443 

0.499 

One-tailed 

0.179 

0.366 

0.486 

0.571 

0.638 

multiple  tests  brings  about  Type  I  error  inflated.  Therefore,  prior  knowledge  is  critical  condition 
for  the  directional  one-tailed  test. 

As  we  expected,  the  power  of  one-tailed  tests  improved.  For  small  sample  sizes  such  as  n 
=  5  and  15,  the  power  improved  by  twice  as  much.  For  the  other  sample  sizes,  there  was  an 
approximately  20%  increase.  Specifically,  the  power  comparison  was  performed  for  a  lognormal 
alternative  which  had  showed  power  weaker  than  expected.  The  expectation  was  that  the  power 
of  the  sequential  test  by  using  the  original  two-tailed  skewness  test  would  be  very  effective  in 
distinguishing  itself  from  the  alternative  based  on  the  true  skewness  values  of  the  two  distributions 
(gamma  (1,1):  1.635  ,  lognormal  (0,1):  6.184).  One-tailed  skewness  test  with  the  appropriate  upper 
tail  chosen  demonstrated  remarkably,  improved  power  by  more  than  30  -  40%  at  a  significance  level, 
a  —  0.05.  The  power  results  for  directional  one-tailed  test  for  the  lognormal  distribution  are  shown 
in  Table  4.12. 

For  the  beta  (2,2)  alternative  with  significance  level  a  =  0.05,  the  degree  of  power  for  the 
one-sided  version  climbs  to  about  42%  for  sample  size  n  =  5  and  140  -  176%  for  larger  samples 
(Table  4.13). 

In  conclusion,  when  an  appropriate  one-tailed  test  was  applied  the  power  increased  in  general 
as  expected,  and  in  some  cases,  dramatically  so. 
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Table  4.13  Directional  Power  for  Beta(2,2)  -  Hq:  Gamma(l5l);  Ha:  Beta(2j2) 


Sample 

Test 

Significance  Level 

Size 

Version 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

Two-tailed 

0.009 

0.043 

0.086 

0.132 

0.179 

One-tailed 

0.012 

0.061 

0.124 

0.183 

0.241 

15 

Two-tailed 

0.015 

0.073 

0.140 

0.200 

0.258 

One-tailed 

0.030 

0.139 

0.256 

0.357 

0.449 

25 

Two-tailed 

0.036 

0.145 

0.259 

0.352 

0.433 

One-tailed 

0.065 

0.259 

0.433 

0.571 

0.678 

50 

Two-tailed 

0.168 

0.461 

0.659 

0.775 

0.847 

One-tailed 

0.266 

0.659 

0.847 

0.926 

0.963 

Finally,  some  directional  variants  of  the  sequential  test  incorporated  by  taking  advantage  of 


the  one-sided  version  will  be  discussed  in  the  next  section. 


4^4- ^^4  Directional  variants  of  the  Sequential  Test  As  the  one-tailed  tests  demon¬ 
strated  higher  power,  it  is  logical  to  expect  that  directional  variants  of  the  sequential  tests  employing 
a  one-sided  version  will  reveal  better  power.  One  thing  to  consider  in  conducting  the  directional 
variants  of  the  sequential  test  is  to  reevaluate  new  attained  significance  levels.  The  coding  scheme 
modification  required  to  obtain  such  significance  levels  is  straight  forward.  It  is  simply  a  matter  of 
replacing  the  original  two-tailed  component  tests  with  their  corresponding  one-tailed  skewness  or 
kurtosis  test  respectively.  The  rest  of  the  modifications  for  a  power  study  are  almost  identical  to 
those  accomplished  with  the  power  study  of  the  original  sequential  test.  Given  these  facts,  power 
studies  on  directional  variants  of  the  sequential  test  were  conducted  only  for  the  gamma  (/?  =  1) 
null  hypothesis  against  the  lognormal  alternative  distribution  used  in  the  previous  section.  The 
power  studies  were  made  up  of  three  different  combinations  along  with  the  new  significance  lev¬ 
els.  First,  the  combination  of  an  upper-tail  skewness  test  (one-tailed)  and  an  original  kurtosis  test 
(two-tailed).  Second,  the  combination  of  an  original  skewness  test  (two-tailed)  and  an  upper-tail 
kurtosis  test  (one-tailed),  and  an  upper-tail  skewness  and  an  upper-tail  kurtosis  (one-tailed  for  both 
test)  is  the  third  combination.  These  results  were  compared  to  the  power  of  the  original  two-tailed 
sequential  test.  Note,  that  as  already  used  on  the  power  study  of  a  directional  one-tailed  test,  the 
upper-tail  was  chosen  based  on  the  higher  theoretical  moment  of  the  null  distribution  under  the 
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Table  4.14  Power  of  Directional  variants  of  the  Sequential  Test  -  Hq:  Gamma(l,l),  Ha:  Log- 

norm(0,l) 


Sequential  Test  Variants,  a 

=  0.05 

y/bi  Test 

Both  Tail 

Up  tail 

Both  Tail 

Up  tail 

62  Test 

Both  Tail 

Both  Tail 

Up  tail 

Up  tail 

5 

0.07 

0.089 

0.086 

0.097 

15 

0.123(.049) 

0.164 

0.158 

0.183 

cu 

25 

0.159(.051) 

0.218 

0.198 

0.245 

'n 

50 

0.249G052) 

0.334 

0.292 

0.366 

assumption  that  one  has  prior  information  on  the  lognormal  alternative.  The  power  results  of  these 
modified  directional  variants  of  the  sequential  tests  are  shown  in  Table  4.14. 

It  should  also  be  noted  that  in  tabling  these  directional  variants  of  the  sequential  test,  the 
highest  power  among  the  full  range  of  power  for  all  potential  combinations  of  attained  significance 
levels  was  selected.  An  attained  significance  level,  0.05,  was  maintained  as  close  as  possible.  At¬ 
tained  significance  levels  other  than  a  =  0.05  were  specified  in  the  parenthesis  as  shown  in  Table 
4.14 

The  power  of  the  sequential  test  variants  with  the  one-tailed  skewness  when  employed  in  place 
of  the  two-tailed  skewness  test  improved  as  much  as  27.1  -  37.1%,  while  the  power  with  the  one- 
tailed  kurtosis  increased  17.3  -  28.5%.  As  observed  in  the  power  comparison  plot  in  Appendix  F, 
the  skewness  test  substantially  contributed  to  the  power.  The  gains  of  the  sequential  test  variants 
with  both  one-tailed  tests  resulted  in  significantly  better  power  than  the  sequential  test  with  the 
original  two-tailed  versions.  Hence,  on  making  this  sequential  goodness  of  fit  test,  if  analysts  have  a 
specific  knowledge  or  can  obtain  necessary  information  that  is  needed  for  using  directional  versions 
of  the  skewness  and/or  the  kurtosis  test  in  the  sequential  format,  he  or  she  can  improve  power  to 
a  considerable  degree. 


44*^  Comparative  Power  Study:  Woodruff  Alternatives.  The  ten  alternative  distributions 
were  restated  as  follows: 


1.  Gamma  (1.5,1) 
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2.  Gamma  (2.5,1) 


3.  Gamma  (4,1) 

4.  Weibull  (2,1) 

5.  Weibull  (3,1) 

6.  Normal  (0,1) 

7.  Lognormal  (0,1) 

8.  Lognormal  (0,2) 

9.  Uniform  (0,2) 

10.  Beta  (2,2) 

For  convenient  use  of  power  tables,  note  that  to  compare  the  power  of  the  sequential  test  with 
that  of  Woodruff  alternatives,  each  of  the  tables  indicates  the  power  for  the  sequential  test  for 
three  different  combinations  of  significance  levels  for  skewness  and  kurtosis  tests.  These  yield  an 
attained  significance  level  as  close  as  possible  to  the  a  =  0.05  used  by  Woodruff  et  al.  The  same  set 
of  a~level  combinations  are  repeated  for  each  alternative.  When  comparing  the  power,  note  that 
the  sequential  power  for  each  combination  of  individual  significance  levels  needs  to  be  compared  to 
all  three  of  the  EDF  powers.  In  other  words,  the  sequential  power  shouldn’t  be  restricted  to  the 
comparison  of  those  powers  that  are  lined  up  horizontally. 

Power  Results  for  Shape  Parameter  /3  =  1.5  .  The  null  hypothesis  with 
gamma  shape  p  =  1.5  is  considered  first.  Tables  4.15  to  4.24  show  the  powers  of  the  competing 
tests  at  the  a  =  .05  significance  level  for  each  of  the  ten  alternative  distributions.  In  general, 
admirable  performance  was  achieved.  For  the  beta  alternatives,  the  power  of  the  sequential  test 
is  considerably  higher  than  the  prominent  EDF  competitors,  showing  quite  substantial  dominance 
over  all  sample  sizes.  Another  remarkable  performance  was  observed  in  the  case  of  the  uniform 
alternative  for  every  sample  size.  The  sequential  power  against  Weibull  and  normal  alternatives 


4-29 


Table  4.15  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamina(1.5,l);  Beta(2,2) 


EDF 

Woodruff’s 

Sequential 

Significance  Level 

Test 

Power 

Test  Power 

^/bx  test 

b2  test 

Attained 

5 

A-D 

0.017 

CvM 

K-S 

0.02 

0.04 

0.049 

15 

A-D 

0.04 

0.02 

0.049 

CvM 

0.479 

0.05 

0.01 

0.054 

K-S 

0.364 

0.02 

0.04 

0.049 

25 

A-D 

0.779 

0.04 

0.03 

0.048 

CvM 

0.636 

0.800 

0.05 

0.01 

0.052 

K-S 

0.515 

0.743 

0.03 

0.04 

0.049 

Table  4.16  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hgi  Uniform(0,2) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

A-D 

■EEIH 

0.02 

CvM 

0.01 

0.02 

0.04 

0.486 

0.04 

0.02 

0.049 

CvM 

0.502 

0.05 

0.01 

0.054 

K-S 

HmngQiii 

0.446 

0.02 

0.04 

0.049 

25 

A-D 

0.413 

0.824 

0.04 

0.03 

CvM 

0.460 

0.817 

0.05 

0.01 

0.052 

K-S 

0.361 

0.814 

0.03 

0.04 

0.049 

exceeded  the  power  of  the  EDF  tests  for  smaller  sample  size  (5  and  15).  The  power  of  the  sequential 
test  is,  however,  marginally  low  for  sample  size  25.  Yet  for  the  lognormal  alternatives,  this  test  did 
not  fare  so  well.  Note  that  although  the  powers  are  low  relative  to  EDF  tests  over  every  sample 
size,  the  powers  of  the  sequential  test  still  show  acceptable  power.  When  paired  with  the  gamma 
alternatives,  the  sequential  test  shows  superiority  for  smaller  sample  sizes  (5  and  15);  however, 
the  gap  of  power  with  EDF  tests  gets  bigger  as  sample  size  increases.  The  power  table  against 
gamma  shape  /3  =  1.5  represents  the  verification  run,  as  noted  earlier,  which  strongly  supports  the 
assumption  that  all  computer  coding  conducted  are  accurate  and  valid. 
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Table  4.17  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hgi  Normal(0,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

test 

62  test 

Attained 

5 

A-D 

0.015 

0.092 

0.04 

0.02 

0.050 

CvM 

0.038 

0.108 

0.05 

0.01 

0.055 

K-S 

0.050 

0.063 

0.02 

0.04 

0.049 

15 

A-D 

0.377 

0.447 

0.04 

0.02 

0.049 

CvM 

0.453 

0.479 

0.05 

0.01 

0.054 

K-S 

0.387 

0.367 

0.02 

0.04 

0.049 

25 

A-D 

0.743 

0.697 

0.04 

0.03 

0.048 

CvM 

0.797 

0.723 

0.05 

0.01 

0.052 

K-S 

0.726 

0.662 

0.03 

0.04 

0.049 

Table  4.18  Power  Comparisons  for  Sequential  Test  -  Hq:  Gamma(1.5,l);  Weibull(2,l) 


EDF 

Woodruff’s 

Sequential 

Significance  Level 

Test 

Power 

Test  Power 

yjhi  test 

62  test 

Attained 

HQii 

A-D 

IBES&QH 

0.02 

IlflQQ^IIIII 

0.01 

IIIIEQ3IIII 

0.02 

0.04 

0.049 

A-D 

0.154 

0.04 

0.02 

0.049 

CvM 

0.145 

0.05 

0.01 

0.054 

K-S 

0.02 

0.04 

0.049 

25 

A-D 

0.247 

0.04 

0.03 

0.048 

CvM 

0.313 

0.279 

0.05 

0.01 

0.052 

K-S 

0.275 

0.223 

0.03 

0.04 

0.049 

Power  Results  for  Shape  Parameter  /3  =  4  •  With  shape  /3  =  4  in  the 
null  hypothesis,  overall  power  results  are  different  although  similar  trends  are  found.  Tables  4.25 
to  4.34  show  the  powers  of  the  competing  tests  at  the  a  =  .05  significance  level  for  each  alternate 
distribution.  Both  EDF  and  the  sequential  test  reveal  slightly  decreased  power,  as  compared  to  the 
power  of  shape  /3  =  1.5  over  all  alternatives.  This  is  because  as  shape  increases,  the  skewness  test 
lose  its  strength,  while  the  kurtkosis  puts  forth  its  strength.  Recall  that  as  observed  in  the  power 
comparison  plots,  the  skewness  teest  dominates  the  kurtosis  test  in  most  cases.  However,  the  work  of 
the  sequential  procedure  against  a  competitor  is  still  notable.  For  beta  alternatives,  similar  findings 
are  observed  with  shape  /?  =  1.5.  Over  every  sample  size,  the  sequential  test  performed  consistently 
higher.  Against  the  uniform  alternative,  the  sequential  test  exhibits  outstanding  performance.  The 
sequential  test  power  against  Weibull  and  normal  alternatives  surpassed  the  power  of  the  EDF 
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Table  4.19  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hg:  Weibull(3,l) 


EDF 

Woodruff’s 

Sequential 

Significance  Level 

Test 

Power 

Test  Power 

^/bl  test 

62  test 

Attained 

5 

A-D 

CvM 

^^9 

MmM 

K-S 

0.02 

0.04 

0.049 

0.04 

0.02 

0.049 

CvM 

0.05 

0.01 

0.054 

K-S 

0.02 

0.04 

0.049 

A-D 

0.628 

0.607 

mtmm 

■■ 

CvM 

0.685 

0.639 

0.052 

K-S 

0.607 

0.564 

0.03 

0.04 

0.049 

Table  4.20  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hgi  Lognormal(0,l) 


EDF 

Woodruff’s 

Sequential 

Significance  Level 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.122 

■iMn 

CvM 

mSSM 

K-S 

0.114 

0.02 

A-D 

0.307 

mmm 

0.04 

0.02 

0.049 

CvM 

HUH 

0.05 

0.01 

0.054 

K-S 

mBM 

0.02 

0.04 

0.049 

25 

A-D 

0.444 

0.227 

0.04 

0.03 

CvM 

0.442 

0.251 

0.05 

0.01 

0.052 

K-S 

0.390 

0.209 

0.03 

0.04 

0.049 

tests  for  the  smallest  sample  size  (n  =  5).  The  power  of  the  sequential  test,  however,  matched  or 
slightly  exceeded  EDF’s  in  the  bigger  sample  size  (15  and  25).  When  paired  with  the  conventional 
test  for  the  lognormal  alternatives,  this  test  failed  to  surpass  the  power  of  the  EDF  test.  Again, 
the  power  itself  is  substantially  high,  correctly  rejecting  84%  for  sample  size  n=25,  which  proves 
that  this  test  against  lognormal  alternatives  is  powerful.  The  sequential  test  exhibits  lower  power 
than  the  EDF  test  in  cases  of  the  gamma  alternatives.  However,  as  shape  increases  to  2.5,  the  gap 
was  closed  considerably.  Again,  the  power  table  against  gamma  shape  /?  =  4  is  good  evidence  that 
the  coding  used  is  valid  and  accurate. 
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Table  4.21  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hg:  Lognormal(0,2) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.412 

0.291 

0.04 

0.02 

0.050 

CvM 

0.405 

0.304 

0.05 

0.01 

0.055 

K-S 

0.383 

0.294 

0.02 

0.04 

0.049 

15 

A-D 

0.928 

0.466 

0.04 

0.02 

0.049 

CvM 

0.909 

0.490 

0.05 

0.01 

0.054 

K-S 

0.873 

0.429 

0.02 

0.04 

0.049 

25 

A-D 

0.995 

0.628 

0.04 

0.03 

0.048 

CvM 

0.991 

0.660 

0.05 

0.01 

0.052 

K-S 

0.995 

0.592 

0.03 

0.04 

0.049 

Table  4.22  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hgi  Gamma(1.5,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.049 

0.050 

0.04 

0.02 

0.050 

CvM 

0.047 

0.056 

0.05 

0.01 

0.055 

K-S 

0.051 

0.051 

0.02 

0.04 

0.049 

15 

A-D 

0.045 

0.048 

0.04 

0.02 

0.049 

CvM 

0.047 

0.053 

0.05 

0.01 

0.054 

K-S 

0.046 

0.051 

0.02 

0.04 

0.049 

25 

A-D 

0.044 

0.050 

0.04 

0.03 

0.048 

CvM 

0.051 

0.054 

0.05 

0.01 

0.052 

K-S 

0.057 

0.051 

0.03 

0.04 

0.049 

Table  4.23  Power  Comparisons  for  Sequential  Test  ~  Hq:  Gamma(1.5,l);  Hg:  Gamma(2.5,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Size 

Test 

Power 

Test  Power 

62  test 

Attained 

5 

A-D 

HIBSSOlHi 

0.04 

0.02 

CvM 

0.036 

0.05 

0.01 

0.055 

K-S 

0.044 

0.02 

0.04 

0.049 

15 

A-D 

0.037 

CvM 

0.056 

K-S 

0.055 

A-D 

0.04 

0.03 

0.048 

CvM 

0.05 

0.01 

0.052 

0.03 

0.04 

0.049 
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Figure  4.7  Power  Study  Outline 
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SIG.  LEVEL 


Figure  4.8  Power  Comparison  -  Hq:  Gamma(l,l);  ^a-  Beta(2,3) 


Sample  Size(n)  =  5 


Figure  4.9  Power  Comparison  -  Hq:  Gamma(l,l);  Ha-  XLogistic(0,l) 


Sample  Siz0(n)  =  25 


Figure  4.10  Power  Comparison  -  Hq:  Gamma(3.5,l);  Uniform(0,2) 


Table  4.24  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(1.5,l);  Hq:  Gamma(4,l) 


EDF 

Woodruff’s 

Sequential 

Significance  Level 

Test 

Power 

Test  Power 

test 

62  test 

Attained 

5 

0.04 

0.02 

0.050 

0.05 

0.01 

0.055 

iksesii 

monssii 

0.02 

0.04 

0.049 

15 

IQQI 

laaiH 

0.04 

0.02 

0.049 

CvM 

0.05 

0.01 

0.054 

K-S 

0.02 

0.04 

0.049 

25 

A-D 

0.175 

0.136 

0.04 

0.03 

0.048 

CvM 

0.228 

0.152 

0.05 

0.01 

0.052 

K-S 

0.197 

0.122 

0.03 

0.04 

0.049 

Table  4.25  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(4,l);  Hq:  Beta(2,2) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.044 

0.04 

0.02 

0.050 

CvM 

0.054 

0.03 

0.04 

0.052 

K-S 

iHQaB 

0.02 

0.04 

0.047 

15 

A-D 

0.04 

0.02 

0.050 

CvM 

0.131 

0.03 

0.03 

0.047 

K-S 

0.112 

0.148 

0.02 

0.04 

0.050 

25 

A-D 

0.204 

0.370 

0.04 

0.02 

0.048 

CvM 

0.211 

0.390 

0.05 

0.01 

0.055 

K-S 

0.058 

0.318 

0.02 

0.04 

0.050 

4-36 


Table  4.26  Power  Comparisons  for  Sequential  Test  -  Hq:  Gamma(4,l);  Ho:  Uniform(0,2) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.077 

CvM 

0.065 

0.083 

K-S 

0.061 

0.073 

0.02 

0.04 

15 

A-D 

0.163 

MSSM 

MiTiETil 

CvM 

0.162 

BliH 

■mM 

K-S 

0.129 

0.02 

0.04 

0.050 

25 

A-D 

0.296 

0.534 

■sa 

CvM 

0.269 

0.553 

■IliKM 

K-S 

0.198 

0.562 

0.04 

Table  4.27  Power  Comparisons  for  Sequential  Test  -  Hq:  Gamma(4,l);  Hp:  Normal(0,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

&2  test 

Attained 

5 

A-D 

0.047 

0.062 

0.04 

0.02 

0.050 

CvM 

0.058 

0.060 

0.03 

0.04 

0.052 

K-S 

0.057 

0.048 

0.02 

0.04 

0.047 

15 

A-D 

0.197 

0.222 

0.04 

0.02 

0.050 

CvM 

0.210 

0.195 

0.03 

0.03 

0.047 

K-S 

0.173 

0.166 

0.02 

0.04 

0.050 

25 

A-D 

0.376 

0.04 

0.02 

0.048 

CvM 

0.406 

0.05 

0.01 

0.055 

K-S 

0.155 

0.300 

0.02 

0.04 

0.050 

Table  4.28  Power  Comparisons  for  Sequential  Test  -  Hq:  Gamma(4,l);  Hoi  Weibull(2,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.042 

MSSM 

mmjm 

CvM 

0.045 

^^9 

K-S 

0.047 

0.02 

0.04 

15 

A-D 

WSM 

Mtmm 

HiiMn 

CvM 

0.057 

^^9 

K-S 

0.052 

0.02 

0.04 

25 

A-D 

0.054 

0.065 

0.04 

0.02 

0.048 

CvM 

0.063 

0.068 

0.05 

0.01 

0.055 

K-S 

0.063 

0.060 

0.02 

0.04 

0.050 
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Table  4,29  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(4,l);  Hg:  Weibull(3,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.040 

0.058 

0.04 

0.02 

0.050 

CvM 

0.050 

0.056 

0.03 

0.04 

0.052 

K-S 

0.050 

0.046 

0.02 

0.04 

0.047 

15 

A-D 

0.119 

0.148 

0.04 

0.02 

0.050 

CvM 

0.133 

0.130 

0.03 

0.03 

0.047 

K-S 

0.116 

0.111 

0.02 

0.04 

0.050 

25 

A-D 

0.218 

0.253 

0.04 

0.02 

0.048 

CvM 

0.230 

0.279 

0.05 

0.01 

0.055 

K-S 

0.198 

0.191 

0.02 

0.04 

0.050 

Table  4.30  Power  Comparisons  for  Sequential  Test  Hp:  Gamma(4,l);  Eg:  Lognormal(Q,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

&2  test 

Attained 

5 

A-D 

0.175 

0.142 

0.04 

0.02 

0.050 

CvM 

0.158 

0.142 

0.03 

0.04 

0.052 

K-S 

0.150 

0.140 

0.02 

0.04 

0.047 

15 

A-D 

0.517 

0.305 

0.04 

0.02 

0.050 

CvM 

0.481 

0.279 

0.03 

0.03 

0.047 

K-S 

0.424 

0.265 

0.02 

0.04 

0.050 

25 

A-D 

0.761 

0.448 

0.04 

0.02 

0.048 

CvM 

0.728 

0.482 

0.05 

0.01 

0.055 

K-S 

0.643 

0.367 

0.02 

0.04 

0.050 

Table  4.31  Power  Comparisons  for  Sequential  Test  -  Hq:  Gamma(4,l);  H^:  Lognormal(0,2) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

y/bi  test 

62  test 

Attained 

5 

A-D 

0.489 

0.367 

0.04 

0.02 

0.050 

CvM 

0.462 

0.357 

0.03 

0.04 

0.052 

K-S 

0.439 

0.356 

0.02 

0.04 

0.047 

15 

A-D 

0.963 

0.665 

0.04 

0.02 

0.050 

CvM 

0.949 

0.630 

0.03 

0.03 

0.047 

K-S 

0.915 

0.580 

0.02 

0.04 

0.050 

25 

A-D 

0.999 

0.847 

0.04 

0.02 

0.048 

CvM 

0.997 

0.870 

0.05 

0.01 

0.055 

K-S 

0.993 

0.773 

0.02 

0.04 

0.050 
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Table  4.32  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(4,l);  Hgt  Gamma(1.5,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

^/bl  test 

62  test 

Attained 

5 

A-D 

0.078 

0.067 

0.04 

0.02 

0.050 

CvM 

0.076 

0.071 

0.03 

0.04 

0.052 

K-S 

0.075 

0.067 

0.02 

0.04 

0.047 

15 

A-D 

0.147 

0.087 

0.04 

0.02 

0.050 

CvM 

0.135 

0.080 

0.03 

0.03 

0.047 

K-S 

0.117 

0.087 

0.02 

0.04 

0.050 

25 

A-D 

0.226 

0.100 

0.04 

0.02 

0.048 

CvM 

0.202 

0.114 

0.05 

0.01 

0.055 

K-S 

0.177 

0.088 

0.02 

0.04 

0.050 

Table  4.33  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamma(4,l);  Hg:  Gamma(2.5,l) 


Sample 

EDF 

Woodruff’s 

Sequential 

Significance  Level 

Size 

Test 

Power 

Test  Power 

^/bl  test 

62  test 

Attained 

5 

A-D 

0.063 

0.054 

0.04 

0.02 

0.050 

CvM 

0.061 

0.058 

0.03 

0.04 

0.052 

K-S 

0.061 

0.054 

0.02 

0.04 

0.047 

15 

A-D 

0.064 

0.055 

0.04 

0.02 

0.050 

CvM 

0.062 

0.053 

0.03 

0.03 

0.047 

K-S 

0.060 

0.060 

0.02 

0.04 

0.050 

25 

A-D 

0.075 

0.060 

0.04 

0.02 

0.048 

CvM 

0.075 

0.071 

0.01 

0.05 

0.055 

K-S 

0.072 

0.060 

0.02 

0.04 

0.050 

Table  4.34  Power  Comparisons  for  Sequential  Test  -  Hp:  Gamina(4,l);  Hp:  Ganima(4,l) 


EDF 

Woodruff’s 

Sequential 

Significance  Level 

Test 

Power 

^/bi  test 

Attained 

5 

A-D 

■iliMiH 

CvM 

K-S 

{BOB 

A-D 

CvM 

0.051 

K-S 

0.052 

BliH 

A-D 

0.048 

HjIiem 

CvM 

HQIIQ^IIIII 
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4-5  Verification  and  Validation 


To  increase  the  computer  programs’s  credibility,  numerous  verification  and  validation  tech¬ 
niques  [4:  399-425]  were  used  throughout  this  research  effort. 

4^5.1  Verification,  “Verification  is  concerned  with  building  a  model  right  ”  [4:  399].  To 
assure  that  each  model  developed  in  this  thesis  was  built  correctly,  the  Monte  Carlo  simulation 
developed  by  previous  students  [12]  was  modified  and  debugged  using  MATLAB  Editor/Debugger, 
For  each  program,  a  logic  flow  diagram  that  follows  the  model  logic  was  first  made.  Then,  according 
to  the  flow  diagram,  the  basic  program  was  built  and  gradually  upgraded.  In  other  words,  each 
program  started  with  the  simplest  code  and  was  tested  rigorously  before  another  level  of  complexity 
was  added  to  the  program.  Then,  a  more  complex  program  was  developed.  All  input  parameters 
for  each  null  or  alternative  hypothesis  employed  in  this  thesis  were  closely  examined  and  verified  by 
deriving  PDF  in  MATLAB  and  by  comparing  these  to  other  PDF  published  already  [41]  [64]  [78]. 
Brief  comments  in  the  model,  definitions  of  all  variables  and  parameters,  and  descriptions  of  each 
major  section  of  the  simulation  coding  were  also  added  in  Appendix  I.l.  Doing  so  would  help 
readers  understand  the  code  easier.  It  will  also  facilitate  them  to  modify  the  model  in  the  future. 

4-5,2  Validation,  “Validation  is  concerned  with  building  the  right  model .”  namely,  it  is 
concerned  with  determining  whether  the  model  is  an  accurate  representation  of  the  real  system  [4: 
400].  In  this  thesis,  fortunately,  several  outputs  for  cross-check  were  available  to  support  that  the 
model  built  through  the  thesis  was  right.  Specifically,  for  critical  value  generation,  the  critical  values 
for  gamma  (1,1)  should  be  exactly  same  with  those  of  Weibull  (1,1)  since  exponential  distribution 
is  special  case  of  gamma  and  Weibull  distribution  with  shape  parameter  (/3)  =  1  was  made.  This 
was  proved  by  comparison  with  the  critical  values  for  Weibull  (1,1)  generated  by  Clough  [12].  As 
a  validation  for  power  studies  code,  the  power  should  be  the  same  as  the  level  of  significance  in 
the  case  that  the  null  hypothesis  and  alternative  distribution  are  the  same.  Such  evidence  was 
illustrated  in  both  Tables  4.35  and  4.36.  The  power  of  the  sequential  test  against  true  alternative 
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Table  4.35  Power  of  Sequential  Tests  -  Hq:  Gamma(l,l)  vs.  Hgi  Ganima(l,l) 


Null 

Distribution 

Alternative 

Distribution 

Sample 

Size 

Sequential  Attained 

Power  Level  (0.050) 

Sequential  Attained 

Power  Level  (0.100) 

Gamma(l,l) 

Gamnia(l,l) 

■ 

■ 

0.099  0.101 

0.100  0.100 

0.099  0.098 

25 

0.102  0.100 

0.100  0.101 

0.099  0.101 

50 

Table  4.36  Power  of  Sequential  Tests  -  Hp:  Gamma(3.5,l)  vs.  Hgi  Gamma(3.5,l) 


Null 

Distribution 

Alternative 

Distribution 

Sample 

Size 

Sequential  Attained 

Power  Level  (0.050) 

Sequential  Attained 

Power  Level  (0.100) 

Gamma(3.5,l) 

Gamma(3.5,l) 

5 

15 

0.052  0.050 

0.052  0.050 

25 

0.102  0.101 

0.103  0.101 

0.100  0.099 

50 

0.100  0.101 

0.098  0.098 

distribution  demonstrated  nearly  equivalent  power  with  claimed  significance  level.  Figure  4.11 


strongly  supports  these  graphically. 


4-6  Summary 

The  results  for  critical  values,  an  attained  significance  level,  and  the  power  study  obtained 
through  the  numerous  Monte  Carlo  simulations  were  presented  and  discussed  in  this  chapter.  With 
a  closer  examination  of  scatter  plots  for  critical  values,  some  predictions  for  a  power  of  sequential 
test  were  made.  As  one  of  characteristic  of  the  sequential  test,  an  attained  significance  level  was 
derived.  The  contour  plot  for  the  attained  significance  level,  which  simplifies  the  selection  of 
each  individual  significance  level  for  a  skewness  test  and  a  kurtosis  test,  also  gave  some  insight 
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Sanipl«Size(n).25 


SK3.  LEVEL 

Figure  4.11  Power  Plot  -  Hq-  Gamma(l,l);  Ha-  Gamma(l,l) 

regarding  the  importance  of  choosing  appropriate  significance  levels  for  individual  tests  to  get 
better  power.  The  power  study  was  conducted  on  two  sets  of  alternatives  to  identify  how  powerful 
the  sequential  test  is.  The  comparative  study  with  its  competitor  confirmed  that  the  sequential 
test  was  powerful  enough  to^  be  used  in  the  goodness  of  fit  field,  showing  much  greater  power  than 
that  of  EDF  tests  in  general.  In  addition  to  the  sequential  power  study,  individual  two-tailed  tests 
were  made  to  understand  the  behavior  of  each  component  test  as  well  as  to  quantify  which  tests 
were  more  powerful  against  specific  alternatives,  so  that  one  might  gain  some  insight  into  selecting 
the  appropriate  combination  of  significance  levels.  Sequentially,  under  the  assumption  of  prior 
knowledge  for  a  particular  alternative,  the  power  for  the  directional  one-tailed  test  was  performed. 
The  enhanced  power  with  the  directional  one-tailed  test  lead  to  a  power  study  for  the  directional 
variants  for  the  sequential  test.  Finally,  to  justify  the  computer  programs  developed  in  this  thesis, 
the  verification  and  validation  for  the  Monte  Carlo  simulations  used  were  discussed.  The  following 
chapter  closes  this  thesis  with  conclusions  and  some  recommendations. 
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V.  CONCLUSIONS  AND  RECOMMENDATIONS 


The  following  conclusions  and  recommendations  are  based  on  the  results  and  analysis  obtained 
during  this  research  effort. 

5  A  Conclusions 

The  complexity  of  a  modern  system  forces  analysts  to  develop  a  simulation  model  to  under¬ 
stand  the  operation  of  any  exceedingly  complex  system.  When  data  are  available  the  model  needs 
to  employ  an  input  model,  such  as  theoretical  probability  distributions  for  the  failure  rate  of  such 
systems  or  the  components  of  any  system  during  their  operational  life.  Since  there  is  no  single 
correct  distribution  in  a  real  application,  analysts  and  statisticians  are  frequently  confronted  with 
the  problem  of  assessing  agreement  between  a  theoretical  probability  model  and  empirical  obser¬ 
vations.  Goodness  of  fit  tests  provide  helpful  guidance  for  evaluating  the  suitability  of  a  potential 
statistical  input  model.  This  thesis  focuses  on  assessing  the  fit  of  such  empirical  observations  to 
the  gamma  distribution. 

Numerous  goodness  of  fit  tests  for  a  gamma  distribution  based  on  different  kinds  of  test 
statistics  have  been  conducted.  Usually,  these  goodness  of  fit  tests  have  involved  very  complicated 
computational  procedures.  If  there  is  the  goodness  of  fit  test  that  guarantees  a  computational 
efficiency  as  well  as  good  performance  against  a  wide  range  of  alternative  distributions,  it  will  be 
the  test  most  analysts  prefer  to  use.  In  this  thesis,  the  sequential  goodness  of  fit  test  based  on 
skewness  and  kurtosis  for  the  three-parameter  gamma  distribution  aims  to  be  useful  in  terms  of 
power  and  computational  efficiency  without  requiring  parameter  estimation  techniques. 

The  following  observations  and  conclusions  are  made  from  the  critical  value,  significance  level, 
and  two  sets  of  power  studies  obtained  in  this  thesis  as  follows: 
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1.  The  tabled  skewness  and  the  kurtosis  critical  values  for  the  gamma  distribution  determined 
through  Monte  Carlo  simulation  are  valid.  The  power  studies  achieved  the  claimed  level  of 
significance  when  the  null  hypotheses  are  true. 

2.  Some  predictions  based  on  an  assessment  of  the  critical  value  plots  were  made.  First,  the 
•  narrower  range  and  rapid  convergence  of  the  skewness  critical  value  would  make  the  skewness 

test  more  powerful  than  the  kurtosis  test  in  most  cases.  Second,  the  kurtosis  test  would 
contribute  to  the  sequential  test  power  at  larger  values  of  the  shape  parameters  more  than 
at  small  values  of  the  shape  parameters.  Third,  the  skewness  test  will  dominate  the  kurtosis 
test  due  to  a  high  degree  of  variability  of  upper  tail  kurtosis  for  sample  sizes  greater  than  or 
equal  to  10.  These  were  validated  by  the  power  study. 

3.  The  contour  plots  for  attained  significance  level  allowed  analysts  to  facilitate  selecting  the 
combination  of  each  significance  level  for  two  test  statistics.  Based  upon  the  examination  of 
the  behavior  of  an  attained  significance  level,  some  expectations  established  are  as  follows. 
First,  the  power  of  the  sequential  test  would  be  more  variable  at  small  sample  sizes.  Hence, 
more  careful  selection  of  a-level  for  each  skewness  and  kurtosis  test  at  small  sample  size  was 
emphasized.  Second,  a  trend  of  increasing  curvature  will  provide  better  power  by  allowing  the 
selection  of  the  significance  levels  nearly  equal  to  the  overall  significance  level.  Third,  with 
the  observation  of  more  contour  lines  at  small  sample  sizes  and  large  value  of  the  shape  pa¬ 
rameters,  one  can  expect  the  sequential  test  power  to  be  more  powerful  with  a  smaller  sample 
and  larger  value  of  the  shape  parameters.  Power  comparison  confirmed  theses  expectation 
above. 

4.  Two  sets  of  power  studies  were  performed:  against  common  alternatives  and  against  compar¬ 
ative  studies.  Overall,  the  power  of  the  sequential  test  was  outstanding. 

•  For  common  alternative  distributions,  the  power  of  the  sequential  test  result  is  bounded 
by  the  individual  two-tailed  skewness  and  kurtosis  test  in  most  cases. 
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(a)  When  the  null  hypothesis  distributions  differ  greatly  from  all  of  the  alternatives  in 
shape,  the  sequential  test  demonstrated  excellent  power. 

(b)  When  the  null  hypothesis  distributions  do  not  differ  greatly  from  all  of  the  alter¬ 
natives  in  shape,  such  as  the  gamma,  chi-squared,  and  lognormal  distributions, 
relatively  lower  power  was  observed. 

•  For  the  comparative  power  studies,  when  compared  to  the  prominent  Kolmogorov- 
Smirnov,  Cramer-von  Mises  and  Anderson-Darling  EDF  test  statistics,  the  sequential 
test  overall  demonstrates  outstanding  power  over  all  sample  sizes. 

(a)  With  an  hypothesized  shape  of  ^  =  1.5,  the  sequential  test  against  lognormal  alter¬ 
natives  showed  relatively  lower  power  than  EDF  tests.  However,  the  power  of  the 
sequential  test  is  still  acceptable.  For  gamma  alternatives,  the  power  shows  supe¬ 
riority  for  smaller  sample  sizes,  but  for  sample  size  more  that  25,  the  power  drops 
below  that  of  the  EDF  tests. 

(b)  For  shape  parameter,  ^  =  4,  the  overall  sequential  test  power  revealed  slightly 
decreased  power  as  compared  to  /3  —  1.5.  However,  the  performance  of  the  sequential 
test  was  still  notable.  Again,  the  sequential  test  performed  consistently  higher  over 
all  sample  sizes.  For  the  normal  and  Weibull  alternatives,  the  sequential  test  power 
surpassed  that  of  the  EDF  test  for  sample  size  n  =  5.  But  the  power  matched  or 
slightly  exceeded  EDF’s  in  the  larger  sample  sizes.  Against  lognormal  alternatives, 
this  test  failed  to  surpass  the  power  of  the  EDF  test,  but,  the  power  remained 
substantially  high.  The  sequential  test  exhibits  lower  power  than  the  EDF  test  for 
gamma  alternatives.  However,  as  shape  increases,  the  gap  was  closed  considerably. 

5.  Individual  two-tailed  tests  were  conducted  focusing  on  identifying  the  most  powerful  test 
and  understanding  the  behavior  of  the  sequential  test  power.  In  general,  the  sequential  test 
power  was  bounded  by  the  individual  test  power.  That  is,  the  sequential  test  power  is  less 
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powerful  than  the  best  powerful  test  and  attains  power  greater  than  the  least  powerful  test. 
As  predicted  from  the  critical  value  plots,  the  skewness  test  dominated  the  kurtosis  test  in 
most  cases.  For  gamma  hypothesis  with  (3  =  0.5,  the  skewness  test  is  very  powerful.  As  the 
shape  parameter  increases  toward  /?  =  4,  the  kurtosis  test  shows  significant  power  at  small 
sample  sizes.  Because  of  the  particularly  effective  complementary  relationship  between  the 
two  component  tests,  the  power  of  the  sequential  test  was  not  bounded  as  most  cases,  but  it 
was  positioned  above  of  two  component  tests.  However,  as  sample  size  increases,  the  skewness 
test  recovered  its  superiority  for  the  kurtosis  test. 

6.  Finally,  since  the  directional  one-tailed  test  demonstrates  improved  power,  the  sequential  test 
procedure  was  modified  by  incorporating  a  one-sided  version  of  the  ^/5i  test  or  62  test  against 
the  lognormal  alternative.  The  directional  sequential  variants  test  outperformed  the  power 
of  the  original  two-tailed  tests  substantially. 

5. 2  Recommendations 

5,2.1  Recommendation  for  Users.  Some  recommendations  on  the  employment  of  the  test 
based  on  the  findings  are  suggested 

In  making  this  sequential  goodness  of  fit  test  based  on  the  skewness  and  the  kurtosis  for  the 
three-parameter  gamma  distribution,  the  test  procedures  are  very  similar  to  a  usual  goodness  of  fit 
test.  Since  this  test  involves  two  test  statistics,  there  are  some  factors  that  should  be  considered  in 
selecting  an  attained  significance  level. 

Typical  goodness  of  fit  test  procedures  are  as  follows: 

1.  Collect  data  on  the  real  system  being  analyzed. 

2.  Identify  or  hypothesize  a  probability  distribution  or  family  of  distributions  to  fit  the  data 
collected. 
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3.  Compute  the  skewness  and  the  kurtosis  test  statistics. 

■  Determination  of  Attained  Significance  Level  ■ 

✓  Higher  Significance  Level  Provides  Better  Power 

✓  Identify  More  Powerful  Test 

^  Pick  Higher  Level  for  More  Powerful  Test 

✓  Pick  Lower  Level  for  Less  Powerful  Test 
Reference  Power  Comparison  Plots 

✓  Use  Contour  Plot  to  Select  Each  Significance  Level 

Figure  5.1  Considerations  for  Selecting  an  Attained  Significance  Level 

Once  a  null  hypothesis  and  alternative  distribution  has  been  specified  the  next  step  is  to 
determine  an  attained  significance  level  (Figure  5.1).  Recall  that  selecting  a  higher  significance  level 
guarantees  better  power  since  decreased  Type  II  error  improves  power.  Selecting  the  significance 
level  for  each  components  was  somewhat  problematic  because  the  power  of  the  sequential  test  varies 
with  different  combinations  of  significance  levels.  With  the  analysis  of  individual  two-tail  skewness 
and  kurtosis  test,  the  problem  is  cleared  up.  Under  the  same  overall  significance  level,  picking  a 
combination  of  higher  significance  levels  for  the  more  powerful  component  and  lower  levels  for  the 
less  powerful  component  test  provides  better  power.  To  identify  which  tests  are  more  powerful  over 
all  shape  parameters  against  a  specific  alternative  distribution,  reference  the  power  comparison 
plots  in  the  Appendix  F.  Use  contour  plots  to  select  the  combination  of  significance  levels  for  the 
two  component  tests  to  conduct  the  test  efficiently. 

Additionally,  if  an  analyst  can  gather  some  additional  information  regarding  a  potential 
alternative  distribution  for  the  sample  being  used,  a  directional  sequential  test  is  recommended.  It 
will  guarantee  better  power.  However,  if  no  such  information  is  available  on  possible  alternatives 
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or  time  is  restricted  to  obtain  such  information,  nearly  equal  significance  levels  for  both  tests  at 
least  provide  higher  average  power  against  the  spectrum  of  alternatives. 

5,2,2  Recommendations  for  farther  research.  The  following  recommendations  are  pro¬ 
posed  for  further  study: 

1.  As  found  in  the  power  comparison  plot  (Appendix  F),  the  individual  y/bi  test  is  observed  as 
the  upper  bound  in  many  cases.  On  the  contrary,  the  individual  62  test  reveals  the  lowest 
power,  especially  at  gamma  shape  parameter  0.5.  This  might  be  caused  by  a  high  degree  of 
variability  of  the  62  as  mentioned  in  the  observation  of  the  critical  values.  Hence,  to  improve 
the  sequential  test  power,  it  is  logical  to  make  the  sequential  test  using  another  test  statistics 
in  the  place  of  the  62  test  statistic. 

2.  Each  component  test  has  its  own  strength;  Skewness  test  more  powerful  for  skewed  distri¬ 
bution  and  larger  sample  sizes.  Kurtosis  test  is  better  for  similarly  skewed  and  symmetric 
distributions.  Thus,  to  massage  the  behavior  of  the  sequential  test  and  to  evaluate  the  prac¬ 
tical  power  of  the  sequential  test,  new  strategy  for  picking  alternatives  is  strongly  suggested. 
Doing  so  will  be  somewhat  challenging,  but  once  those  alternatives  are  selected  successfully, 
it  can  be  useful  to  understand  the  behavior  of  the  sequential  tests.  Those  9  alternatives  are 
as  follows:  First  set  is  negatively  skewed  distribution  with  -  short  tail,  moderate  tail,  and 
long  tail  distributions.  Second  set  is  positively  skewed  with  -  short  tail,  moderate  tail,  and 
long  tail  distribution.  Third  set  is  symmetric  distribution  with  -  short  tail,  moderate  tail, 
and  long  tail. 

3.  Directional  one-tailed  power  study  demonstrated  a  significant  improvement  in  power.  Thus, 
the  endeavor  to  make  a  sequential  variants  test  by  employing  a  one-sided  version  over  above 
alternatives  that  will  be  chosen  by  the  new  strategy  would  be  worthy. 
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4.  As  a  way  to  simplify  the  application  of  the  test  procedure, the  following  two  procedures  would 
permit  the  goodness  of  fit  test  to  be  applied  for  other  sample  sizes  and  shape  parameters 


without  the  use  of  tables. 

(a)  Determination  of  asymptotic  critical  values  for  the  skewness  and  the  kurtosis  can  be 
recommended 

(b)  An  attempt  to  fit  a  functional  relationship  between  critical  value  and  shape  parameter 
along  with  the  significance  levels  using  the  method  of  least  squares  can  be  made. 
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Appendix  A.  Critical  Values 


A.l  Sample  Skewness  Percentage  Points 


Table  A.l  Skewness  (v^i)  Lower  Tail  Critical  Values:  =  0.5 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

-0.398 

0.047 

■tWixl 

hQIQ 

0.189 

mm  1 M 

0.282 

Bl 

0.351 

0.404 

■IBM 

0.479 

m  1  m 

0.539 

0.565 

IBI 

20 

0.532 

0.582 

0.619 

0.654 

0.71 

0.736 

0.758 

25 

■nBSl 

■oBiE 

0.675 

0.721 

0.791 

0.869 

0.891 

30 

0.623 

0.717 

0.775 

0.821 

0.855 

0.886 

0.94 

0.962 

0.984 

35 

0.807 

0.862 

0.907 

IB 

0.975 

WBm 

IB 

40 

0.878 

0.933 

0.973 

HU 

■SI 

1.114 

■B 

45 

IB 

0.995 

1.037 

■ia 

Blul 

1.127 

1.151 

1.172 

1.193 

50 

iii 

1.122 

1.15 

1.175 

1.218 

1.238 

0.065 

0.095 

5 

■Qgl 

-0.182 

-0.157 

-0.111 

10 

0.395 

0.415 

0.432 

0.449 

BIBB 

^9^9 

15 

0.63 

0.668 

0.685 

0.702 

0.718 

0.732 

^^9 

20 

BB  9 

BIBB 

0.835 

0.87 

0.885 

9 

0.927 

25 

9 

flm9 

0.95 

0.966 

0.982 

0.996 

BKjllH 

BfS  9 

1.054 

30 

Bfii!  9 

B|B9 

1.057 

1.073 

1.116 

1.128 

1.142 

35 

1.091 

BSE  9 

1.127 

1.143 

1.158 

1.173 

1.2 

1.213 

1.226 

40 

1.152 

1.171 

1.187 

1.203 

1.218 

1.234 

1.249 

1.262 

1.275 

1.287 

45 

1.21 

IB 

1.243 

1.26 

1.274 

1.288 

1.315 

1.329 

1.342 

50 

1.257 

1.29 

1.306 

1.319 

1.333 

1.348 

1.361 

1.375 

1.388 

Sample 

Significance  Level  (a)  | 

Size 

0.13 

■liEI 

0.16 

BIQI 

0.18 

■CBI 

5 

faiWitigil 

0.069 

0.135 

0.165 

IQgB 

10 

0.527 

0.582 

0,63 

0.653 

15 

0,789 

0.838 

0,862 

0.885 

0.908 

0.951 

0.991 

20 

0.953 

1.002 

1.025 

1.046 

1.067 

BfiKB 

1.108 

1.128 

1.145 

25 

1.127 

1.149 

1.17 

1.191 

1.21 

1.229 

1.248 

30 

1.168 

1.192 

1.216 

1.237 

1.258 

1.278 

1.298 

IB 

1.337 

1.355 

35 

1.251 

1.274 

1.296 

1.318 

1.339 

1.359 

1.377 

IB 

1.415 

IB 

40 

1.313 

1.335 

1.358 

IB 

IB 

1.417 

1.437 

■ra 

1.476 

■IS 

45 

IB 

1.389 

1.412 

IB 

IB 

1.47 

1.49 

1.509 

1.527 

1.545 

50 

im 

1.435 

1.457 

Ira 

■IS 

1.518 

1.536 

1.555 

1,572 

1.591 
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Table  A.2  Skewness  (a/ST)  Upper  Tail  Critical  Values:  =  0.5 


Sample 

Significance  Level  (1-a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

0.95 

5 

1.498 

1.496 

1.493 

1.491 

1.488 

1.485 

1.482 

1.479 

1.475 

1.472 

10 

2.599 

2.565 

2.533 

2.507 

2.482 

2.458 

2.434 

2.412 

2.39 

2.37 

15 

3.242 

3.159 

3.094 

3.04 

2.987 

2.94 

2.897 

2.862 

2.824 

2.788 

20 

3.689 

3.56 

3.465 

3.384 

3.314 

3,251 

3.196 

3.147 

3.102 

3.061 

25 

4.032 

3.854 

3.723 

3.624 

3.536 

3.457 

3.392 

3.333 

3.274 

3.22 

30 

4.261 

4.045 

3.892 

3.783 

3.684 

3.602 

3.526 

3.456 

3.395 

3.342 

35 

4.476 

4.215 

4.031 

3.903 

3.795 

3.7 

3.62 

3.554 

3.492 

3.436 

40 

4.637 

4.356 

4.173 

4.02 

3.902 

3.803 

3.714 

3.637 

3.563 

3.503 

45 

4.785 

4.463 

4.259 

4.102 

3.977 

3.875 

3.785 

3.71 

3.641 

3.578 

50 

4.85 

4.533 

4.33 

4.164 

4.042 

3.924 

3.824 

3.746 

3.671 

3.609 

Sample 

Significance  Level  (l-a) 

Size 

0.945 

0.94 

0.935 

0.93 

0.925 

0.92 

0.915 

0.91 

0.905 

0.9 

5 

1.468 

1.465 

1.461 

1.457 

1.452 

1.448 

1.444 

1.44 

1.435 

1.431 

10 

2.348 

2.328 

2.309 

2.29 

2.272 

2.255 

2.235 

2.217 

2.198 

2.182 

15 

2.752 

2.721 

2.688 

2.659 

2.629 

2.602 

2.576 

2.55 

2.525 

2.503 

20 

3.014 

2.976 

2.935 

2.899 

2.865 

2.832 

2.799 

2.769 

2.741 

2.711 

25 

3.171 

3.126 

3.084 

3.043 

3.008 

2.973 

2.94 

2.907 

2.877 

2.847 

30 

3.291 

3.236 

3.191 

3.151 

3.111 

3.073 

3.039 

3.007 

2,975 

2.944 

35 

3.383 

3.333 

3.283 

3.244 

3.202 

3.165 

3.128 

3.095 

3.059 

3.028 

40 

3.447 

3.392 

3.338 

3.295 

3.253 

3.213 

3.179 

3.142 

3.107 

3.074 

45 

3.517 

3.463 

3.41 

3.365 

3.322 

3.278 

3.24 

3.203 

3.169 

3.134 

50 

3.549 

3.489 

3.437 

3.391 

3.349 

3.31 

3.271 

3.234 

3.198 

3.165 

Sample 

Significance  Level  (l-a)  | 

Size 

0.86 

0.85 

0.84 

0,83 

0.8 

5 

1.421 

1.412 

1.401 

1.39 

1.379 

1.368 

1.356 

1.344 

1.33 

1.317 

10 

2.148 

2.113 

2.081 

2.048 

2.016 

1.983 

1.952 

1.923 

1.893 

1.864 

15 

2.454 

2.409 

2.366 

2.324 

2.285 

2.245 

2.209 

2.176 

2.144 

2.113 

2.657 

2.607 

2.559 

2.516 

2.476 

2.437 

2.404 

2.371 

2.339 

2.307 

Bfl 

2.791 

2.739 

2.69 

2,647 

2.605 

2.564 

2.526 

2.49 

2.456 

2.424 

2.887 

2.834 

2.788 

2.741 

2.699 

2.658 

2.619 

2.584 

2.549 

2.516 

2.969 

2.916 

2.866 

2.819 

2.775 

2.732 

2,693 

2.655 

2,622 

2.587 

3.016 

2.963 

2.911 

2.862 

2.819 

2.779 

2.74 

2.665 

2.633 

2.964 

2.914 

2,872 

2.829 

2.789 

2.75 

2.715 

2.681 

IH 

2.958 

2.914 

2.874 

2.835 

2.799 

2.761 

2.727 
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Table  A.3  Skewness  (a/6i)  Lower  Tail  Critical  Values:  ^  =  1.0 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

■iMIil 

0.02 

0.025 

0.03 

5 

-1.161 

-0.988 

-0.78 

-0.704 

-0.588 

-0.499 

-0.464 

10 

-0.459 

-0.333 

-0.188 

-0.14 

QRsS 

15 

-0.138 

-0.034 

0.082 

0.123 

0.188 

0.218 

0.244 

0.266 

20 

0.051 

0.156 

0.216 

0.268 

0.306 

Wml  m 

0.365 

0.389 

0.411 

0.431 

25 

0.191 

0.286 

rnSm 

0.38 

0.42 

■ig  [  1 

0.479 

0.503 

0.524 

0.543 

30 

0.301 

0.384 

Hi 

0.477 

0.511 

0.54 

■El 

wiig3 

0.61 

0.628 

35 

0.398 

0.473 

0.52 

0.561 

0.594 

mm 

manxjm 

40 

0.452 

0.528 

0.616 

0.647 

ISI 

0.718 

0.738 

45 

0.511 

0.591 

0.674 

0.705 

mm 

ma 

0.776 

■nSW 

50 

0.568 

0.637 

0.719 

0.75 

tSSi 

0.796 

0.816 

0.833 

0.85 

Sample 

Significance  Level  (a)  ] 

Size 

■lIlMiB 

0.065 

0.07 

0.075 

0.08 

0.09 

mOQ: 

5 

ngKM 

-0.411 

-0.392 

-0.374 

-0.355 

-0.318 

-0.302 

10 

0.069 

0.088 

0.108 

0.126 

0.161 

0.178 

0.208 

15 

0.307 

0.326 

0.344 

0.36 

0,393 

0.409 

0.424 

0.437 

20 

0.45 

0.47 

0.487 

0.502 

0.519 

0.549 

0.563 

0.576 

25 

0.562 

0.579 

0.596 

0.61 

0.625 

0.651 

0.664 

0.676 

30 

0.647 

0.663 

0.679 

0.693 

0.708 

0.721 

0.733 

0.746 

0.758 

0.77 

35 

0.724 

0.739 

0.755 

0.769 

0.783 

0.795 

0.809 

0.82 

0.832 

0.843 

40 

0.772 

0.788 

0.803 

0.817 

0.831 

0.843 

0.856 

0.867 

0.877 

0.889 

45 

0.827 

0.842 

0.856 

0.869 

0.883 

0.895 

0.907 

0.917 

0.928 

0.939 

50 

0.866 

0.881 

0.895 

0.908 

0.921 

0.933 

0,944 

0.955 

0.966 

0.977 

Sample 

Significance  Level  (a)  | 

Size 

0.12 

0.13 

hsmi 

0.15 

0.16 

0.17 

HSU 

0.2 

5 

-0.108 

-0.08 

IBiWiMill 

10 

0.265 

my 

mm 

0.36 

0.381 

0.402 

0.422 

yR  ■ 

15 

0.488 

BISiEI 

mm 

0.577 

0.596 

0,615 

0.633 

yR  1 

20 

0.635 

0.657 

IH 

0.718 

0.756 

0.773 

25 

0.713 

0.735 

0.755 

mm 

0.814 

0.832 

0.85 

0.867 

0.884 

30 

0.792 

0.813 

0.835 

yyi 

0.873 

0.891 

0.91 

0.927 

0.943 

0.959 

35 

0.886 

y^y 

0.942 

0.96 

0.976 

0.992 

1.023 

40 

HvRI 

0.95 

1.003 

1.019 

1.035 

1.05 

1.066 

45 

0.959 

0.977 

0.996 

1.014 

1.031 

1.048 

1.064 

1.081 

1.095 

50 

0.997 

1.016 

1.035 

1.07 

1.087 

1.103 

1.119 

1.134 
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Sample 

Size 


Table  A.4  Skewness  {y/bl)  Upper  Tail  Critical  Values:  j3 


Significance  Level  (I’a) 


Table  A.5  Skewness  {Vbi)  Lower  Tail  Critical  Values:  ^  =  1.5 


Sample 

Significance  Level  (a) 

Size 

0.015 

IES3 

■ITOM 

5 

Bftlill 

-0.969 

-0.884 

-0.753 

10 

-0.637 

-0.404 

-0.343 

-0.291 

-0.246 

15 

-0.293 

-0.116 

KSi 

0.041 

mil 

lltl!!ll 

20 

-0.104 

0.055 

■IHIKB 

0.139 

0.171 

0.197 

m '  1 

0.244 

0.265 

25 

0.111 

0.166 

0.212 

0.247 

0.276 

0.301 

0.345 

0.364 

0,201 

0.253 

0.294 

0.329 

0.359 

mB 

0.407 

0.428 

0.446 

35 

0.284 

0.333 

0.373 

nKUKS 

Wm 

0.495 

IRES 

0.342 

0.391 

0.431 

Ini^l 

0.488 

0.548 

45 

0.325 

0.398 

0.446 

0.478 

0.507 

0.532 

0.554 

0.573 

0.592 

0.366 

0.437 

0.486 

0.548 

0.573 

0.595 

0.613 

0.631 

Sample 

Significance  Level  (a) 

Size 

■iMmM 

5 

-0.459 

-0.398 

miHiKVM 

-0.351 

10 

0.03 

0.061 

15 

0.133 

0.172 

0.187 

0.203 

0.219 

0.235 

9 

0.276 

20 

0,284 

0.319 

0.334 

0.35 

0.365 

0.379 

9 

0.416 

25 

0.381 

0.414 

0.445 

0.459 

0.472 

9 

30 

0.464 

0.511 

0.524 

0.538 

9 

0.585 

35 

0.529 

0.559 

0.573 

0,586 

0.598 

0.609 

RS  9 

0.643 

40 

0.623 

0.634 

0.646 

0.658 

Wjm  9 

0.691 

45 

0.625 

0,653 

0,666 

0.678 

0.69 

9 

0.731 

50 

0.713 

0.725 

0.737 

13^9 

0,768 

Sample 

Significance  Level  (a)  | 

Size 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0,17 

0.18 

0.19 

0.2 

5 

-0,32 

-0.29 

-0.263 

-0.233 

-0.205 

-0.178 

-0.153 

-0.127 

-0.101 

-0.077 

10 

0.089 

0.116 

0.143 

0.169 

0.191 

0.214 

0.236 

0.257 

0.277 

0.296 

15 

0.302 

0.327 

0,351 

0.372 

0.394 

0.414 

0.434 

0.453 

0.472 

0.489 

20 

0.441 

0.464 

0,486 

0.506 

0.525 

0.544 

0.561 

0.578 

0.594 

0.611 

25 

0.531 

0.552 

0.572 

0.591 

0.609 

0.627 

0.644 

0.661 

0.677 

0.693 

30 

0.607 

0.627 

0.645 

0.664 

0.681 

0.698 

0.715 

0.73 

0.746 

0.761 

35 

0.664 

0.684 

0.703 

0.72 

0.737 

0.753 

0.769 

0.785 

0.8 

0.815 

40 

0.711 

0.728 

0.746 

0.763 

0.78 

0.796 

0.812 

0.827 

0.841 

0.855 

45 

0.75 

0.769 

0.786 

0.802 

0.818 

0.834 

0.849 

0.864 

0.878 

0.893 

50 

0.787 

0.803 

0.82 

0.837 

0.853 

0.869 

0.884 

0.899 

0.912 

0.925 
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Table  A.6  Skewness  (\/5i)  Upper  Tail  Critical  Values:  ^  =  1.5 


Sample 

Significance  Level  (l-a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

0.95 

5 

1.476 

1.459 

1.444 

1.431 

1.418 

1.405 

1.393 

1.381 

1.369 

1.357 

10 

2.366 

2.273 

2.201 

2.145 

2,097 

2.05 

2.01 

1.974 

1.942 

1.906 

15 

2.783 

2.625 

2.517 

2.428 

2.358 

2.298 

2.243 

2.194 

2.149 

2.108 

20 

3.025 

2.813 

2.675 

2.571 

2.489 

2.424 

2.364 

2.308 

2.255 

2.207 

25 

3.172 

2.936 

2.776 

2.667 

2.573 

2.494 

2.429 

2.374 

2.325 

2.277 

30 

3.256 

2.989 

2.83 

2.704 

2.612 

2.537 

2.471 

2.413 

2.361 

2.316 

35 

3.312 

3.036 

2.868 

2.735 

2.639 

2.56 

2.498 

2.437 

2.385 

2.337 

40 

3.339 

3.055 

2.89 

2.769 

2.668 

2.58 

2.506 

2.448 

2.397 

2.35 

45 

3.381 

3.069 

2.882 

2.761 

2.67 

2.593 

2.522 

2.464 

2.413 

2.366 

50 

3.393 

3.09 

2.918 

2.779 

2.678 

2.596 

2.53 

2.471 

2.416 

2.369 

Sample 

Significance  Level  (1-a) 

Size 

0.94 

0.935 

0.915 

jEEM 

0.9 

1.345 

1.334 

1.322 

1.311 

1.298 

1.288 

1.276 

1.265 

1.254 

1.242 

1.875 

1.846 

1.817 

1.79 

1.764 

1.739 

1.716 

1.671 

1.648 

2.029 

1.994 

1,961 

1.93 

1.878 

1.826 

1.802 

2.164 

2.124 

2.091 

2.06 

2,028 

2 

1.973 

1.902 

25 

2.231 

2.192 

2.153 

2.117 

2.086 

2.031 

2.004 

1.952 

30 

2.274 

2.237 

2.199 

2.161 

2.131 

2.072 

2.046 

1.997 

35 

2.294 

2.249 

2.213 

2.18 

2.152 

2.122 

2.096 

2.069 

2.021 

40 

2.307 

2.271 

2.236 

2.203 

2.17 

2.142 

2.115 

2.089 

2.04 

45 

2.323 

2.282 

2.245 

2.211 

2.179 

2.15 

2.122 

2.095 

2.049 

50 

2.327 

2.289 

2.252 

2.221 

2.189 

2.159 

2.134 

2.06 

Sample 

Significance  Level  (1-a) 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

1.22 

1.198 

1.131 

nna 

00 

o 

rH 

1.02 

10 

1.607 

1.57 

1.531 

1.498 

1.465 

1.434 

1.405 

1.378 

1.35 

1.325 

15 

1.759 

1.719 

1.683 

1.648 

1.616 

1.586 

1.555 

1.525 

1.497 

1.471 

20 

1.859 

1.82 

1.783 

1.748 

1.713 

1.68 

1.649 

1.621 

1.594 

1.569 

25 

1.906 

1.865 

1.828 

1.792 

1.761 

1.731 

1.7 

1.672 

1.645 

1.62 

30 

1.952 

1.909 

1.872 

1.835 

1.802 

1.772 

1.741 

1.713 

1.687 

1.662 

35 

1.976 

1.936 

1.899 

1.865 

1.832 

1.801 

1.771 

1.743 

1.717 

1,693 

40 

1.993 

1.952 

1.915 

1.882 

1.849 

1.819 

1.791 

1.765 

1.738 

1.714 

45 

2.005 

1.965 

1.931 

1.898 

1.867 

1,837 

1.81 

1.783 

1.758 

1.734 

50 

2.014 

1.975 

1.939 

1.905 

1.873 

1.844 

1.816 

1.789 

1.765 

1.74 
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Table  A.7  Skewness  (V^i)  Lower  Tail  Critical  Values:  /?  =  2.0 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

-1.246 

-1.124 

-1.032 

-0.953 

-0.889 

-0.831 

-0.782 

-0.737 

-0.693 

-0.654 

10 

-0.729 

-0.582 

-0.496 

-0.43 

-0.379 

-0.34 

-0.306 

-0.273 

-0.243 

-0.216 

15 

-0.405 

-0.29 

-0.225 

-0.175 

-0,129 

-0.092 

-0.061 

-0.034 

-0.01 

0.012 

20 

-0.229 

-0.125 

-0.06 

-0.012 

0.026 

0.056 

0.083 

0.107 

0.13 

0.152 

25 

-0.088 

0.004 

0.059 

0.103 

0.139 

0.167 

0.191 

0.214 

0.236 

0.254 

30 

0.001 

0.09 

0.144 

0.185 

0.219 

0.247 

0.27 

0.294 

0.314 

0.334 

35 

0.087 

0.17 

0.219 

0.259 

0.288 

0.313 

0.337 

0.358 

0.375 

0.393 

40 

0.151 

0.229 

0.279 

0.312 

0.342 

0.368 

0.39 

0.41 

0.428 

0.445 

45 

0.207 

0.282 

0.33 

0.364 

0.389 

0.412 

0.434 

0.453 

0.472 

0.488 

50 

0.248 

0.319 

0.362 

0.397 

0.425 

0.449 

0.471 

0.49 

0.508 

0.523 

Sample 

Significance  Level  (a) 

Size 

■0191 

KS&9 

H£^i 

IlHSi 

5 

-0.619 

-0.558 

-0.442 

gilRigl 

-0.191 

-0.146 

-0.04 

15 

0.054 

0.089 

■niBM 

0.152 

0.165 

0.178 

0.171 

0.188 

MjWMjm 

0.236 

0.25 

0.276 

HI 

25 

0.273 

0.289 

mSm 

991 

0.373 

0.396 

0.349 

0.365 

0.381 

0.394 

iii 

HylS 

9R9 

0.444 

0.467 

35 

0.424 

0.439 

0.464 

0.477 

0.5 

0.46 

0.474 

0.489 

0.513 

mamm 

0.546 

0.566  1 

45 

0.516 

0.529 

0.552 

0.584 

0.538 

0.552 

0.564 

0.589 

HI 

0.639 

Sample 

Significance  Level  (a) 

Size 

0.12 

0.13 

IHOI 

0.15 

0.16 

0.2 

-0.351 

gmtBM 

-0.243 

ESS 

0.004 

0.031 

0.055 

0.08 

0.103 

mm 

■OWIM 

15 

0.203 

0.226 

0.249 

0.271 

0.29 

0.31 

0.329 

0.346 

0.363 

0.381 

20 

0.326 

0.348 

0.368 

0.387 

0.406 

0.425 

0.442 

0.459 

0.476 

0.494 

25 

0.418 

0.438 

0.458 

0.477 

0.496 

0.512 

0.529 

0.544 

0.559 

0.575 

30 

0.488 

0.507 

0.526 

0.545 

0.562 

0.578 

0.594 

0.609 

0.624 

0.639 

35 

0.539 

0.558 

0.576 

0.593 

0.609 

0,626 

0.64 

0.653 

0.668 

0.682 

40 

0,586 

0.604 

0,622 

0.638 

0.653 

0.668 

0.683 

0.697 

0.711 

0.725 

45 

0.623 

0.64 

0.656 

0.672 

0.688 

0.702 

0.716 

0.73 

0.744 

0.758 

50 

0.658 

0.675 

0.691 

0.707 

0.721 

0.736 

0.75 

0.763 

0.776 

0.789 
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Table  A.8  Skewness  {y/h)  Upper  Tail  Critical  Values:  /?  =  2.0 


Sample 

Significance  Level  (l-a) 

Size 

0.995 

0.975 

0.965 

0.95 

5 

1.468 

BIEEril 

■EEI 

Mllil 

1.397 

1.382 

1.367 

1.353 

1.339 

1.324 

10 

2.308 

2.194 

2.115 

1.997 

1.951 

1.905 

IB 

1.828 

1.792 

15 

2.672 

2.493 

2.373 

2.288 

2.14 

2.083 

1.987 

1.947 

20 

2.847 

2.636 

2.493 

2.297 

2.227 

2.173 

2.12 

2.033 

25 

2.938 

2.699 

2.548 

mmSm 

2.347 

2.273 

2.212 

2.16 

2.112 

2.072 

30 

2.994 

2.742 

2.578 

2.464 

2.371 

2.297 

2.237 

2.181 

2.131 

2.086 

35 

3.047 

2.783 

2.614 

2.327 

2.264 

2.157 

2.116 

40 

3,018 

2.759 

2.597 

2.477 

2.384 

2.31 

2.248 

2.195 

2.147 

2.109 

45 

3.06 

2.781 

2.613 

2.497 

2.333 

2.27 

2.217 

2.169 

2.124 

50 

3.029 

2.756 

2.595 

2.48 

2.39 

2.317 

2.154 

2.112 

Sample 

Significance  Level  (1-a) 

Size 

0.935 

0.93 

0.925 

0.92 

0.915 

■ncnai 

5 

1.311 

1.297 

1.284 

1.271 

1.257 

1.244 

1.232 

mt!i 

1.194 

10 

1.76 

1.73 

1.7 

1.673 

1.646 

1.619 

1.597 

1^ 

1.526 

15 

1.872 

1.84 

1.809 

1.783 

1.754 

1.729 

1.704 

1.68 

1.657 

20 

1.991 

1.952 

1.919 

1.887 

1.857 

1.829 

1.802 

1.776 

1.751 

mjmm 

25 

1.992 

1.959 

1.928 

1.896 

1.867 

1.841 

1.816 

1.792 

30 

KffjllH 

1.98 

1.948 

1.917 

1.891 

1.867 

1.842 

1.818 

1.798 

35 

1.977 

1.945 

1.916 

1.89 

1.865 

1.842 

1.819 

40 

2.073 

1.974 

1.945 

1.918 

1.891 

1.866 

1.843 

45 

1.982 

1.952 

1.925 

1.9 

1.88 

1.857 

1.836 

50 

1.981 

1.95 

mi 

1.902 

1.878 

1.857 

1.836 

Sample 

Significance  Level  (l-a) 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

1.168 

1.144 

1.12 

1.096 

1.072 

1.049 

1.025 

1.002 

0.979 

0.955 

10 

1.486 

1.448 

1.413 

1.38 

1.347 

1.317 

1.29 

1.261 

1.236 

1.21 

15 

1.617 

1.577 

1.54 

1.503 

1.472 

1.443 

1.414 

1.386 

1.36 

1.335 

20 

1.685 

1.647 

1.612 

1.579 

1.546 

1.517 

1.489 

1.461 

1.435 

1.41 

25 

1.729 

1.691 

1.654 

1.619 

1.59 

1.56 

1.532 

1.505 

1.48 

1.456 

30 

1.755 

1.717 

1.683 

1.651 

1.619 

1.59 

1.563 

1.538 

1.512 

1.488 

35 

1.778 

1.739 

1.705 

1.673 

1.643 

1.614 

1.587 

1.561 

1.536 

1.513 

40 

1.781 

1.743 

1.71 

1.68 

1.651 

1.623 

1.597 

1.572 

1.548 

1.524 

45 

1.794 

1.758 

1.726 

1.694 

1.666 

1.638 

1.611 

1.588 

1.565 

1.542 

50 

1.798 

1.762 

1.728 

1.698 

1.669 

1.642 

1.618 

1.593 

1.571 

1.549 
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Table  A.9  Skewness  (v^i)  Lower  Tail  Critical  Values:  0  =  2.5 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

■lliWil 

■iMW 

5 

-1.258 

-1.149 

-1.06 

-0.986 

-0.769 

10 

-0.797 

-0.656 

-0.567 

-0.505 

-0.455 

-0.413 

-0.318 

15 

-0.495 

-0.372 

-0.309 

-0.255 

-0.214 

-0.175 

-0.115 

-0.091 

20 

-0.298 

-0.196 

-0.136 

-0.089 

-0.05 

-0,02 

0.031 

0.053 

HRS 

25 

-0.163 

-0.081 

-0.022 

0.02 

0.055 

0.084 

0.131 

0.152 

30 

-0.074 

0.01 

0.064 

0.102 

0.134 

0.161 

0.206 

0.227 

35 

0.007 

0.086 

0.134 

0.172 

0.203 

0.229 

0.271 

0.29 

40 

0.074 

0.145 

0.191 

0.226 

0.255 

0.28 

0.321 

0.338 

0.354 

45 

0.119 

0.191 

0.238 

0.274 

0.301 

0.325 

0.383 

0.398 

50 

0.165 

0.232 

0.278 

0.313 

0.338 

0.362 

0.417 

Sample 

Significance  Level  (a) 

Size 

0.055 

0.06 

■iKiWil 

0.09 

BBS 

BBS 

5 

-0.653 

-0.621 

-0.565 

nitHtfl 

B|B|i 

10 

-0.262 

-0.24 

-0.218 

-0.196 

HQIQ 

Bffil 

BmBm 

-0.091 

15 

-0.048 

-0.029 

-0.01 

0.007 

0.023 

0.038 

0.052 

0.067 

0.079 

0.093 

20 

0.094 

0.112 

0.129 

0.144 

0.16 

0.173 

0.186 

0.199 

0.212 

0.223 

25 

0.188 

0.204 

0.221 

0.235 

0.25 

0.263 

0.276 

0.288 

0.3 

0.311 

30 

0.261 

0.278 

0.293 

0.307 

0.319 

0.332 

0.344 

0.355 

0.367 

0,377 

35 

0.323 

0.338 

0.351 

0.365 

0.378 

0.39 

0.401 

0.412 

0.423 

0,433 

40 

0.37 

0.383 

0.397 

0.409 

0.422 

0,434 

0.445 

0.455 

0.466 

0.476 

45 

0.413 

0.428 

0.44 

0.452 

0.464 

0.475 

0.486 

0.495 

0.507 

0.517 

50 

0.446 

0.459 

0.471 

0.483 

0.495 

0.505 

0.516 

0.525 

0.535 

0.545 

Sample 

Significance  Level  (a)  | 

Size 

0.11 

0.12 

0.14 

BHiUf 

myi 

0.19 

0.2 

5 

-0.407 

-0.382 

-0.355 

-0.278 

TiftiHil 

BBS 

10 

-0.061 

HQ  9 

HRBB 

0.082 

H|^9 

WM 

HHI 

15 

0.117 

0.142 

0.165 

H|  :9 

0.206 

0.225 

0.244 

H^^ 

mEM 

HR9 

20 

0.248 

0.269 

0.289 

H|79 

0.33 

0.348 

0.365 

HHI 

US 

HBiB 

25 

0.333 

0.355 

0.376 

H|S9 

0.411 

0.429 

0.445 

0.46 

0.476 

0.491 

30 

0.397 

0.416 

0.433 

He  SB 

0.469 

0.485 

0.501 

0.516 

0.531 

0.546 

35 

0.452 

0.47 

0.487 

0.504 

0.535 

0.55 

0.565 

0.579 

40 

0.495 

0.512 

0.529 

0,545 

0.56 

0.575 

0.589 

0.603 

0.616 

0.63 

45 

0.534 

0.551 

0.567 

0,583 

0,598 

0.613 

0.625 

0.638 

0.652 

0.664 

50 

0.563 

0.58 

0,596 

0.611 

0,626 

0.64 

0.653 

0.667 

0.68 

0.692 
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Table  A.ll  Skewness  (v^i)  Lower  Tail  Critical  Values:  =  3.0 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

-1.278 

-1.165 

-1.077 

-1.008 

-0.948 

■jbldUM 

Bimi 

-0.729 

10 

-0.863 

-0.715 

-0.622 

-0.555 

mm 

iig| 

-0.335 

15 

-0.56 

-0.441 

-0.367 

-0.312 

-0.269 

-0.234 

BB81 

-0.148 

-0.124 

20 

-0.366 

-0.261 

-0.199 

-0.152 

-0.113 

-0.05 

-0.026 

-0,004 

0.016 

25 

-0.239 

-0.146 

-0.085 

-0.042 

0.047 

0.07 

0.091 

0.109 

30 

-0.138 

-0.054 

-0.001 

0.04 

mm 

0.126 

0.147 

0.166 

0.184 

35 

-0.06 

0.02 

0.071 

0.111 

0.142 

0.168 

0.19 

0.207 

0.226 

0.243 

40 

-0.003 

0.079 

0.127 

0.161 

0.189 

0.213 

0.235 

0.252 

0.27 

0.286 

45 

0.06 

0.132 

0.176 

0.207 

0.236 

0.258 

0.278 

0.297 

0.315 

0.33 

50 

0.1 

0.169 

0.211 

0.245 

0.272 

0.292 

0,313 

0.331 

0.348 

0.363 

Sample 

Significance  Level  (a)  | 

Size 

0.055 

o 

o 

0.075 

0.09 

■Ell 

5 

MlIftiM 

MIKiTOM 

-0.632 

-0.579 

giUiKy-M 

-0.511 

gilMM 

10 

-0.312 

-0.29 

-0.267 

-0,246 

-0.227 

-0.208 

-0.19 

-0.173 

-0.157 

15 

-0.102 

-0,083 

-0.065 

-0.048 

-0.033 

-0.016 

-0.002 

0.012 

0.026 

0,04 

20 

0.034 

0.052 

0.07 

0.084 

0.098 

0.114 

0.128 

0.14 

0.153 

0.165 

25 

0.127 

0.144 

0.158 

0.172 

0.185 

0.198 

0.21 

0.223 

0.234 

0.246 

30 

0.2 

0.216 

0.232 

0.246 

0.258 

0.271 

0.283 

0.295 

0.305 

0.316 

35 

0.258 

0.273 

0.286 

0.299 

0.312 

0.323 

0.334 

0.345 

0.355 

0.365 

40 

0.301 

0.316 

0.33 

0.343 

0.354 

0.365 

0.376 

0.386 

0.395 

0.405 

45 

0.346 

0.359 

0.372 

0.383 

0.395 

0.405 

0.415 

0.424 

0.433 

0.443 

50 

0.376 

0.39 

0.402 

0.413 

0.424 

0.434 

0.445 

0.455 

0.464 

0.473 

Sample 

Significance  Level  (a)  | 

Size 

0.11 

0.12 

0.13 

0.17 

0.18 

0.19 

0.2 

5 

■219 

-0.407 

||KKn| 

-0.287 

-0.264 

mjwjjm 

10 

-0.086 

■Bfipl 

■R 1 

0.031 

0.052 

■■1 

■B^9 

15 

0.088 

0.109 

■R 1 

0.188 

0.206 

0.224 

■KB9 

20 

0.188 

0.209 

0.229 

■Rl 

0,303 

mmm 

0.336 

0.352 

25 

0.287 

0.307 

0.36 

0.377 

■9  9 

0.408 

0.422 

30 

Ei9 

0.355 

0.372 

■ffiSI 

0.421 

0.436 

0.451 

0.466 

0.48 

35 

mm 

0.403 

WKiin 

0.452 

0.467 

0.481 

0.495 

0.509 

0.523 

40 

mm 

0.441 

0.473 

0.488 

0.502 

0.516 

0.53 

0.543 

0.557 

45 

0.46 

0.476 

0.493 

0.508 

0.523 

0.537 

0.551 

0.564 

0.577 

0.59 

50 

0.49 

0.507 

0.523 

0.537 

0.551 

0.564 

0.578 

0.591 

0.603 

0.616 
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Table  A.12  Skewness  (a/5i)  Upper  Tail  Critical  Values:  P  =  3.0 


Sample 

Significance  Level  (l-a) 

Size 

0.955 

0.95 

5 

■tehM 

1.388 

1.369 

1.352 

1.334 

1.317 

1.3 

1.284 

10 

2.201 

2.082 

1.986 

1.916 

1.86 

1.762 

1.717 

1.677 

1.639 

15 

2.466 

2.282 

2,158 

2.067 

1.994 

1.933 

1.88 

1.831 

1.789 

1.748 

20 

2.554 

2.358 

2.135 

2.059 

1,998 

1.941 

1.89 

1.844 

1.804 

25 

2.428 

2.175 

2.091 

2,018 

1.96 

1.905 

1.86 

1.822 

30 

2.678 

2.442 

2.296 

2.18 

2.096 

2.026 

1.967 

1.916 

1,87 

1.826 

35 

2.676 

2.426 

2.269 

2.168 

2.085 

2.019 

1.964 

1.913 

1.867 

1.825 

40 

2.67 

2.265 

2.152 

2.075 

2.01 

1.954 

1.91 

1.87 

1.832 

45 

2.658 

2.407 

2.269 

2.159 

2.078 

2.01 

1.954 

1.907 

1.861 

1.821 

50 

2.63 

2.392 

2.237 

2.137 

2.054 

1.989 

1.933 

1.884 

1.843 

1.805 

Sample 

Significance  Level  (l-a) 

Size 

0.94 

0.935 

0.93 

0.925 

0.915 

BlSIilil 

5 

1.267 

1.251 

1.236 

1.222 

1.191 

1.175 

1.161 

Hkjll 

10 

1.608 

1.573 

1.542 

1.515 

1.488 

1.463 

1.441 

1.419 

mmm 

IRQ 

15 

1.714 

1.679 

1.646 

1.62 

1.593 

1.567 

1.543 

1.52 

1.497 

20 

1.769 

1.735 

1.674 

1.645 

1.617 

1.592 

1.568 

1.545 

1.522 

25 

1.783 

1.749 

1.717 

1.686 

1.659 

1.631 

1.607 

1.585 

1.563 

30 

1.791 

1.758 

1.727 

1.698 

1.672 

1.647 

1.625 

1.6 

1.579 

35 

1.79 

1.756 

1.724 

1.696 

1.668 

1.646 

1.622 

1.581 

1.56 

40 

1.798 

1.764 

1.731 

1.703 

1.678 

1.653 

1.63 

■BikI 

1.587 

1.568 

45 

1.785 

1.75 

1.718 

1.693 

1.669 

1.646 

1.624 

IRQ 

1.586 

1.567 

50 

1.771 

1.742 

1.714 

1.688 

1.664 

1.642 

1,622 

1.583 

1.565 

Sample 

Significance  Level  (l-a) 

Size 

0.89 

0.88 

0,87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

1.105 

1.076 

1.048 

1.022 

0.995 

0.969 

0.944 

0.919 

0.894 

0.869 

10 

1.34 

1.302 

1.267 

1.235 

1.205 

1.178 

1.15 

1,124 

1.1 

1.075 

15 

1.435 

1.399 

1.365 

1.331 

1.301 

1.272 

1.243 

1.218 

1.192 

1.169 

20 

1.482 

1.445 

1.41 

1.38 

1.348 

1.323 

1.297 

1.27 

1.246 

1.223 

25 

1.503 

1.468 

1,434 

1.403 

1.375 

1.347 

1.322 

1.297 

1,274 

1.251 

30 

1.522 

1.487 

1.454 

1.423 

1.395 

1.369 

1.343 

1.319 

1.294 

1.274 

35 

1.523 

1.489 

1.459 

1.431 

1.405 

1.379 

1.354 

1.331 

1.308 

1.286 

40 

1,532 

1.499 

1.469 

1.44 

1.414 

1.389 

1.366 

1.344 

1.322 

1.301 

45 

1.533 

1.502 

1.471 

1.443 

1.416 

1.391 

1.367 

1,345 

1.324 

1.304 

50 

1.531 

1.501 

1.472 

1.447 

1.422 

1.399 

1.377 

1.355 

1.334 

1.315 
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Table  A.  13  Skewness  (Vbi)  Lower  Tail  Critical  Values:  P  =  3.5 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

-1.187 

B|g| 

-0.922 

-0.829 

10 

-0.887 

-0.745 

IBI 

-0.5 

-0.429 

mEjm 

15 

-0.6 

-0.485 

-0.357 

mm 

-0,277 

-0.244 

-0.217 

-0.192 

20 

-0.414 

-0.311 

-0.247 

-0.199 

-0.161 

-0.131 

-0.1 

-0.075 

-0.029 

25 

-0.289 

-0.192 

-0.13 

ni|g3 

-0.052 

0.003 

0.024 

mfmm 

0.064 

30 

-0.187 

-0.102 

-0.051 

0.02 

mmm 

0.071 

0.092 

0.111 

0.128 

35 

-0.109 

-0.029 

0.016 

0.053 

0.083 

IBi 

0,132 

0.152 

0.171 

0.188 

40 

-0.055 

0.024 

0.069 

0.103 

0.133 

0.158 

0.181 

0.2 

0.218 

0.235 

45 

0.075 

0.119 

0.153 

0.181 

0.206 

0.226 

0.246 

0.263 

0.277 

50 

0.112 

0.154 

0.188 

0.215 

0.239 

0.259 

0.276 

0.292 

0.306 

Sample 

Significance  Level  (a) 

Size 

0.055 

0.06 

0.065 

0.07 

0.075 

0.08 

0.085 

0.09 

0.095 

0.1 

5 

-0.66 

HbM  ■ 

-0.539 

10 

-0.348 

-0.304 

mB 

b^b 

-0.214 

15 

-0.146 

-0.109 

BBS 

-0.073 

-0.057 

Biif  M 

-0.028 

Bti  11 

0 

20 

-0.01 

0.026 

0.041 

0.054 

niiRgB 

0.083 

0.095 

0.108 

0.12 

25 

0.112 

0.126 

0.14 

■UHl 

0.166 

0.178 

0.19 

0.201 

30 

0.174 

0.189 

0.201 

0.214 

0.238 

0.249 

0.26 

35 

\ 

0.234 

0.246 

0.259 

0.27 

WM 

0.292 

0.303 

0.313 

40 

0.25 

0.277 

0.29 

0.302 

0.313 

IBI 

0.336 

0.346 

0.355 

45 

0.291 

■nRiiS 

0.319 

0.33 

0.342 

HH 

0.374 

mSm 

0.393 

50 

0.32 

0.332 

0.345 

0.357 

0.368 

Bra 

0.397 

BBS 

0.416 

Sample 

Significance  Level  (a) 

Size 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.2 

5 

■QgH 

majsm 

-0.285 

10 

QHH 

HH 

Bra 

0.013 

HBBm 

HBIil 

15 

HQ! 

H^ 

0.111 

0.131 

Bra 

0.168 

0.186 

0.203 

20 

HR! 

HHl 

HH 

0.221 

0.239 

0.256 

0.272 

0.288 

0.304 

25 

0.243 

0.262 

QQQ 

0.298 

0.314 

0.33 

0.345 

0.36 

0.374 

30 

HQ" 

0.3 

0.318 

0.352 

0.367 

0.382 

0.396 

0.41 

0.424 

35 

HQ" 

0.35 

HH 

0.397 

0.413 

0.427 

0.441 

0.454 

0.467 

40 

HQ" 

mm 

Hi 

0.421 

0.436 

0.45 

0.464 

0.478 

0.491 

0.503 

45 

HH 

MM 

BiBl 

0.456 

0.47 

0,484 

0.497 

0.51 

0.523 

0.535 

50 

HIQ 

Bra 

Bra 

0.479 

0.493 

0.507 

0.52 

0.533 

0,545 

0.557 
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Table  A. 14  Skewness  (\/5i)  Upper  Tail  Critical  Values:  ^  =  3.5 


Sample 

Significance  Level  (1-a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

0.95 

5 

1.456 

1,426 

1.4 

1.379 

1.36 

1.341 

1.323 

1.303 

1.286 

1.268 

10 

2.161 

2.031 

1.94 

1.87 

1.813 

1.756 

1.663 

1.625 

1.59 

15 

2.391 

2.219 

2.1 

1.932 

1.868 

1.815 

1.767 

1.723 

1.685 

20 

2.51 

2.297 

2.159 

1.981 

1.911 

1.854 

1.727 

25 

2.531 

2.304 

2.162 

2.06 

1.977 

1.911 

1.764 

1.726 

30 

2.541 

2.315 

2.179 

1.994 

1.925 

1.868 

1.819 

1.777 

1.737 

35 

2.578 

2.317 

2.161 

1.982 

1.918 

1.869 

1.823 

1.784 

1.743 

40 

2.529 

2.286 

2.154 

1.977 

1.909 

1.856 

1.764 

1.727 

45 

2.523 

2.289 

2.155 

1.978 

1.91 

1.853 

1.763 

1.725 

50 

2.484 

2.246 

2.11 

2.02 

1.944 

1.881 

1.825 

1.783 

1.744 

1.709 

Sample 

Significance  Level  (l-a) 

Size 

0.945 

■ncna 

0.91 

0.905 

5 

1.251 

1.235 

1.218 

1.201 

1.185 

1.17 

1.141 

1.127 

HKI 

10 

1.554 

1.524 

1.495 

1.467 

1.442 

1.416 

BSI 

1.372 

1.35 

15 

1.651 

1.617 

1.585 

1.556 

1.529 

1.479 

1.456 

1.435 

1.415 

20 

1.689 

1.596 

1.568 

1.541 

1.517 

1.492 

1.47 

1.451 

25 

1.692 

1.661 

MM 

1.603 

1.575 

1.551 

1.53 

1.507 

1.486 

1.467 

30 

1.702 

1.671 

1.641 

1.614 

1.588 

1.565 

1.542 

1.519 

1.498 

1.477 

35 

1.707 

1.675 

ISl 

1.616 

1.59 

1.565 

1.543 

1.52 

1.5 

1.481 

40 

1.693 

1.662 

IBi 

1.608 

1.585 

1.561 

1.54 

1.519 

1.501 

1.482 

45 

1.693 

1.608 

1.584 

1.563 

1.542 

1.522 

1.502 

1.483 

50 

1.676 

1.648 

1.597 

1.572 

1.551 

1.531 

1.511 

1.492 

1.475 

Sample 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

1.085 

1.057 

1.03 

1.003 

0.974 

0.946 

0.919 

0.895 

0.87 

0.847 

10 

1.29 

1.252 

1.216 

1.185 

1.154 

1.126 

1.1 

1.074 

1.049 

1.025 

15 

1.376 

1.338 

1.304 

1.27 

1.239 

1.21 

1.184 

1.161 

1.135 

1.112 

20 

1.411 

1.375 

1.342 

1.31 

1.28 

1.255 

1.229 

1.204 

1.181 

1.16 

25 

1.428 

1.394 

1.361 

1.332 

1.305 

1.279 

1.252 

1.229 

1.206 

1.183 

30 

1.44 

1.408 

1.377 

1.348 

1.32 

1.293 

1.269 

1.246 

1.223 

1.202 

35 

1.446 

1.413 

1.382 

1.353 

1.326 

1.301 

1.278 

1.256 

1.234 

1.214 

40 

1.446 

1.417 

1.388 

1.36 

1.335 

1.311 

1.29 

1.267 

1.248 

1.228 

45 

1.451 

1.42 

1.391 

1.364 

1.339 

1.316 

1.293 

1.272 

1.252 

1.232 

50 

1.443 

1.413 

1.386 

1.36 

1.336 

1.314 

1.293 

1.271 

1.252 

1.233 
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Table  A.  15  Skewness  ('v/fei)  Lower  Tail  Critical  Values:  ^  =  4.0 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

-1.313 

-1.206 

-1.125 

-0.896 

-0.777 

10 

-0.957 

-0.806 

y 

ysy 

-0.5 

Bn 

HR  9 

15 

-0.637 

-0.521 

my 

yi  y 

99 

-0.281 

-0.254 

H99 

-0.205 

20 

-0.453 

-0.351 

my 

ysy 

-0.17 

-0.142 

-0.116 

-0.092 

25 

-0.335 

-0.24 

mi9 

y[  y 

-0.072 

-0.045 

-0.021 

-0.001 

yyi 

30 

-0.235 

-0.151 

BIihkI 

Wm  y 

0.005 

0.03 

0.05 

0.071 

y^y 

35 

-0.161 

-0.078 

0.004 

y[  y 

0.059 

0.082 

0.102 

0.122 

■niB9 

40 

mSM 

niiu  9 

yff  $9 

0.119 

0.14 

0.159 

0.177 

0.193 

45 

RRS 

0.158 

0.179 

0.199 

0.216 

0.231 

50 

■illUM 

0.07 

BS9 

mEi 

yiy 

0.198 

0.218 

0.234 

0.25 

0.265 

Sample 

Significance  Level  (a) 

Size 

0.055 

0.06 

0.065 

0.07 

■iiiva 

0.08 

0.09 

0.095 

5 

-0.745 

-0.712 

-0.683 

-0.604 

-0.537 

10 

-0.386 

-0.362 

-0.342 

Bn 

98199 

-0.284 

-0.25 

-0.234 

15 

-0.185 

-0.165 

-0.145 

Bi9 

-0.11 

-0.093 

-0.065 

-0.051 

yjiiy 

20 

-0.052 

-0.035 

-0.019 

-0.003 

0.025 

9it81f9 

0.051 

0.064 

9it8t^ 

25 

0.037 

0.055 

0.069 

0.085 

98fi!»9 

0.112 

0.124 

0.135 

0.147 

0.158 

30 

0.106 

0.137 

0.151 

Bn 

0.175 

0.187 

0.198 

0.209 

0.219 

35 

0.157 

nV  |9 

0.184 

0.198 

0.21 

0.221 

0.232 

0.243 

0.254 

0.265 

40 

0.207 

99 ' 9 

0.235 

0.246 

0.258 

0.268 

m 

0.289 

0.299 

0.309 

45 

0.244 

99?9 

0.271 

0.295 

0.305 

US 

Bn 

0.335 

50 

0.277 

0.29 

0.303 

yiy 

0.325 

0.335 

Bn 

Bn 

0.363 

Sample 

Significance  Level  (a)  | 

Size 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.2 

5 

-0.481 

BSiyj 

-0.373 

KB 

-0.327 

iHK&n 

ESfigl 

10 

-0.188 

yR9 

■h 

-0.041 

BtiBB 

Bn 

miiim 

15 

-0.012 

98t8iil 

Bn 

y99 

Bn 

0.096 

0.114 

0.132 

0.15 

0.167 

20 

0.1 

0.121 

0.141 

9y  9 

0.179 

0.197 

0.214 

0.23 

0.247 

0.263 

25 

0.179 

0.199 

0.218 

y99 

0.254 

0.27 

0.286 

0.302 

0.317 

0,332 

30 

0.239 

0.257 

0.276 

y^y 

Bn 

0.339 

0.355 

0.37 

0.384 

35 

0.284 

0.302 

0.319 

9iBfM 

0.349 

mi 

0.378 

0.393 

0.407 

0.421 

40 

0.327 

0.344 

0.36 

0.375 

0.39 

119 

0.419 

Bn 

0.445 

0.458 

45 

0.361 

0.377 

0.393 

0.408 

0.422 

Bn 

0.449 

m 

0.474 

0.486 

50 

0.388 

0.406 

0.422 

0.436 

0.449 

Bn 

0.474 

Bn 

0.499 

0.511 
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Table  A.16  Skewness  (>/6i)  Upper  Tail  Critical  Values:  ^  =  4.0 


Sample 

Significance  Level  (1-a) 

Size 

0.995 

0.99 

0.98 

0.975 

0.96 

0.955 

0.95 

1.454 

1.422 

1.396 

1.372 

1.351 

1.332 

1.312 

1.293 

1.274 

1.255 

2.131 

1.996 

1.899 

1.834 

1.776 

1.723 

1.673 

1.632 

1.593 

1.555 

2.359 

2.158 

1.954 

1.881 

1.819 

1.761 

1.714 

1.668 

1.63 

2.457 

2.233 

1.988 

1.907 

1.788 

1.743 

1.701 

1.663 

2.488 

2.251 

2.002 

1.922 

1.753 

1.708 

1.671 

30 

2.45 

2.234 

HRS 

1.985 

1.904 

1.842 

1.789 

1.744 

1.702 

1.665 

35 

2.442 

2.217 

1.976 

1.9 

1.838 

1.784 

1.735 

1.693 

1.655 

40 

2.459 

2.204 

1.965 

1.89 

1.78 

1.733 

1.692 

1.658 

45 

2.41 

2.166 

1.945 

1.872 

1.811 

1.759 

1.713 

1.675 

1.638 

50 

2.382 

2.154 

1.935 

1.86 

1.799 

1.746 

1.705 

1.665 

1.634 

Sample 

Significance  Level  (1-a) 

Size 

0.945 

■ibf 

0.93 

0.925 

0.92 

0.9 

1.239 

1.186 

1.17 

1.155 

1.14 

1.126 

1.111 

1.523 

mmS!m 

1.436 

1.41 

1.385 

1.361 

1.318 

1.296 

1.597 

1.564 

1.534 

1.504 

1.475 

1.452 

1.428 

1.404 

1.383 

1.362 

1.626 

1.593 

1.563 

1.534 

1.506 

1.483 

1.457 

1.435 

1.415 

1.394 

1.635 

1.601 

1.571 

1.543 

1.516 

1.493 

1.468 

1.447 

1.426 

30 

1.63 

1.599 

1.57 

1.543 

1.518 

1.494 

1.472 

1.451 

1.431 

1.411 

35 

1.622 

1.592 

1.563 

1.536 

1.513 

1.49 

1.468 

1.448 

1.429 

1.412 

40 

1.625 

1.594 

1.566 

1.54 

1.515 

1.494 

1.474 

1.453 

1.433 

1.416 

45 

1.605 

1.575 

1.548 

1.522 

1.5 

1.479 

1.46 

1.441 

1.423 

1.406 

50 

1.601 

1.572 

1.547 

1.523 

1.502 

1.481 

1.463 

1.445 

1.428 

1.41 

Sample 

Significance  Level  (1-a) 

Size 

0.87 

0.86 

Mfmm 

■ilaB 

IBS 

5 

■■iTiVJ 

1.037 

1.008 

0.979 

0.951 

0.874 

0.849 

10 

1.258 

1.221 

1.187 

1.154 

1.123 

■fimM 

Hlll« 

15 

1.324 

1.289 

1.255 

1.225 

1.196 

1.168 

1.14 

1.113 

1.067 

20 

1,356 

1.322 

1.29 

1.259 

1.231 

1.178 

1.153 

1.13 

25 

1.371 

1.338 

1.306 

1.278 

1.249 

1.222 

1.197 

1.174 

1.151 

1.131 

30 

1.376 

1.345 

1.313 

1.283 

1.257 

1.232 

1.187 

1.166 

1.146 

35 

1.376 

1.343 

1.314 

1.287 

1.261 

1.239 

1.215 

1.194 

1.174 

1.154 

40 

1.384 

1.353 

1.325 

1.297 

1.271 

1.25 

1.227 

mmjm 

1.185 

1.165 

45 

1.374 

1.343 

1.316 

1.29 

1.267 

1.245 

1.222 

1.183 

1.165 

50 

1.377 

1.348 

1.323 

1.297 

1.275 

1.253 

1.232 

1,174 
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A. 2  Sample  Kurtosis  Percentage  Points 


Table  A. 17  Kurtosis  (62)  Lower  Tail  Critical  Values:  ^  =  0.5 


Sample 

Significance  Level  ( 

» 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

1.178 

1.187 

1.195 

1.204 

1.212 

1.22 

1.227 

1.234 

1.24 

1.247 

10 

1.295 

1.36 

1.406 

1.445 

1.48 

1.515 

1.545 

1.572 

1.598 

1.622 

15 

1.504 

1.591 

1.659 

1.717 

1.766 

1.81 

1.85 

1.887 

1.923 

1.959 

20 

1.695 

1.817 

1.905 

1.978 

2.039 

2.094 

2.14 

2.188 

2.234 

2.276 

25 

1.884 

2.027 

2.131 

2.218 

2.291 

2.357 

2.418 

2.472 

2.524 

2.576 

30 

2.061 

2.218 

2.331 

2.427 

2.502 

2.572 

2.638 

2.695 

2.752 

2.803 

35 

2.23 

2.411 

2.533 

2.635 

2.718 

2.799 

2.876 

2.94 

2.994 

3.054 

40 

2.369 

2.557 

2.702 

2.803 

2.892 

2.978 

3.051 

3.125 

3.185 

3.247 

45 

2.52 

2.717 

2.865 

2.979 

3.072 

3.163 

3.237 

3,302 

3.369 

3.429 

50 

2.664 

1  2.867 

3.008 

3.12 

3.213 

3.31 

3.392 

3.467 

3.533 

3.597 

Sample 

Significance  Level  ( 

a) 

Size 

0.065 

0.085 

0.1 

5 

1.252 

1.258 

1.264 

1.27 

1.276 

1.282 

1,289 

1.296 

■£23 

1.311 

10 

1.646 

1.667 

1.688 

1.726 

1.744 

1.761 

1.778 

1.796 

1.814 

15 

1.994 

2.058 

2.118 

2.148 

2.173 

2.2 

2.228 

2.254 

20 

2.318 

2.359 

2.397 

2.431 

2.468 

2.535 

2.569 

2.599 

2.631 

25 

2.622 

2.665 

2.707 

2.748 

2.789 

2.827 

2.862 

2.931 

2.967 

30 

2.856 

2.905 

2.954 

3.086 

3.127 

3.169 

3.242 

35 

3.111 

3.163 

3.216 

3.264 

3.305 

3.349 

3.392 

3.433 

3.473 

3.516 

40 

3.304 

3.361 

3.412 

3.465 

3.513 

3.558 

3.65 

3.691 

3.735 

45 

3.485 

3.54 

3.591 

3.645 

3.697 

3.746 

3.795 

3.845 

3.889 

3.932 

50 

3.658 

3.716 

3.77 

3.821 

3.875 

3.925 

3.974 

4.069 

4.114 

Sample 

Significance  Level  (a)  | 

Size 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.2 

5 

1.327 

1.343 

1.36 

1.377 

1.395 

1.413 

1.433 

1.451 

1.471 

1.493 

10 

1.849 

1.885 

1.921 

1.958 

1.993 

2.032 

2.068 

2.103 

2.14 

2.175 

15 

2.304 

2.357 

2.409 

2.458 

2.507 

2.553 

2.603 

2.651 

2.697 

2.744 

20 

2.693 

2.753 

2.81 

2.868 

2.923 

2.983 

3.036 

3.09 

3.144 

3.2 

25 

3.037 

3.102 

3.171 

3.233 

3.296 

3.357 

3.42 

3.48 

3.539 

3.597 

30 

3.315 

3.388 

3.458 

3.529 

3.595 

3.657 

3.722 

3.787 

3.854 

3.919 

35 

3.592 

3.67 

3.739 

3.809 

3.876 

3.944 

4,012 

4.079 

4,146 

4.211 

40 

3.819 

3.896 

3.976 

4.048 

4.118 

4.189 

4.257 

4.329 

4.4 

4.472 

45 

4.017 

4.102 

4.186 

4.265 

4.342 

4.418 

4.489 

4.562 

4.639 

4.708 

50 

4.203 

4.281 

4.366 

4.457 

4.536 

4.611 

4.69 

4.764 

4.843 

4.914 
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Table  A.18  Kurtosis  {b2)  Upper  Tail  Critical  Values:  0  =  0.5 


Sample 

Significance  Level  (l-a) 

Size 

0.995 

0.99 

0.985 

p 

00 

0.975 

0.965 

0.96 

0.95 

5 

3.247 

3.244 

3.241 

3.238 

3.233 

3.229 

3.225 

3.221 

3.212 

10 

7.896 

7.785 

7.68 

7.595 

7.514 

7.435 

7.355 

7.282 

7.21 

7.14 

15 

12.046 

11.669 

11.375 

11.128 

10.885 

10.476 

10.309 

10.139 

9.97 

20 

15.684 

14.966 

14.44 

13.993 

13.593 

13.253 

12.955 

12.681 

12.427 

12.201 

25 

18.912 

17.782 

16.981 

16.336 

15.783 

15.283 

14.891 

14.505 

14.153 

13.821 

30 

21.523 

20.012 

18.976 

18.184 

17.515 

16.943 

16.411 

15.927 

15.51 

15.129 

35 

24.054 

22.077 

20.694 

19.73 

18.918 

18.214 

17.639 

17.085 

16.63 

16.191 

40 

26.214 

23.969 

22.422 

21.193 

20.303 

19.484 

18.777 

18.145 

17.575 

17.108 

45 

28.288 

25.508 

23.758 

22.465 

21.395 

19.778 

19.087 

18.494 

17.952 

50 

29.59 

26.823 

24.96 

23.453 

22.361 

21.372 

20.468 

19.74 

19.101 

18.47 

Sample 

Significance  Level  (l-a) 

Size 

0.935 

0.93 

0.925 

0.92 

0.915 

0.905 

0.9 

5 

mmjm 

3.197 

3.191 

3.186 

3.18 

3,174 

3.168 

3.161 

3.155 

10 

Wmm 

6.935 

6.876 

6.818 

6.755 

6.693 

6.628 

6.569 

6.512 

15 

9.824 

9.668 

9.525 

9.387 

9.253 

9.127 

9.003 

8.88 

8.769 

8.658 

20 

11.957 

11.724 

11.515 

11.317 

11.14 

10.949 

10.755 

10.594 

10.417 

10.251 

25 

13.508 

13.214 

12,95 

12.707 

12.465 

12.253 

12.049 

11.832 

11.633 

11.453 

30 

14.759 

14.4 

14.093 

13.805 

13.523 

13,249 

13.029 

12.799 

12.576 

12.375 

35 

15.794 

15.445 

15.084 

14.761 

14.436 

14.162 

13.884 

13.64 

13.404 

13.186 

40 

16.598 

16.171 

15.783 

15.449 

15.109 

14.815 

14,522 

14.25 

13.977 

13.75 

45 

17.447 

17.017 

16.605 

16.222 

15.864 

15.509 

15.213 

14.936 

14.657 

14.381 

50 

17.977 

17.51 

17.074 

16.693 

16.331 

15.976 

15.645 

15.347 

15.089 

14,839 

Sample 

Significance  Level  (1-a)  | 

Size 

0.89 

0.88 

00 

d 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

3.142 

3.129 

3.114 

3.099 

3.083 

3,068 

3.052 

3.034 

3.016 

2.997 

10 

6.394 

6.272 

6.167 

6.054 

5.947 

5.834 

5.73 

5.629 

5.526 

5.434 

15 

8.439 

8.232 

8.03 

7.836 

7,658 

7.485 

7.314 

7,145 

6.995 

6.844 

20 

9.962 

9.688 

9.425 

9.176 

8.953 

8.742 

8.536 

8.348 

8.164 

7,986 

25 

11.082 

10.781 

10.465 

10.183 

9.929 

9.681 

9.452 

9.224 

9.033 

8.847 

30 

11.961 

11.614 

11.291 

10.998 

10.713 

10.447 

10.219 

9.989 

9.763 

9.561 

35 

12.764 

12.372 

12.037 

11.714 

11.407 

11.136 

10.871 

10.621 

10.391 

10.17 

40 

13.298 

12.887 

12.522 

12.198 

11.881 

11.579 

11,304 

11.055 

10.818 

10.597 

45 

13.903 

13.468 

13.081 

12.725 

12,389 

12.094 

11.821 

11.544 

11.303 

11.067 

50 

14.366 

13.949 

13.557 

13.191 

12.856 

12.538 

12.242 

11.986 

11.725 

11.482 
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Sample 

Size 


Table  A.19  Kurtosis  (62)  Lower  Tail  Critical  Values:  ^  =  1.0 

Significance  Level  (a) 


0.03 

0.035 

0.04 

0.045 

0.05 

1.232 

1.239 

1,246 

1.252 

1.257 

1.469 

1.491 

1,514 

1.533 

1.551 

1.665 

1.692 

1.718 

1.741 

1.765 

1.84 

1.872 

1.9 

1.927 

1.954 

1,988 

2.027 

2.063 

2.097 

2.131 

2.143 

2.184 

2.222 

2.255 

2.29 

2.287 

2.333 

2.373 

2.411 

2.448 

2.393 

2.441 

2.486 

2.529 

2.567 

2.517 

2.568 

2.615 

2.662 

2.705 

2.618 

2.669 

2.715 

2.759 

2.798 

Table  A.20  Kurtosis  (62)  Upper  Tail  Critical  Values:  ^  —  1.0 


Sample 

Significance  Level  (1- 

a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

0.95 

5 

3.231 

3.22 

3.196 

3.16 

3.149 

3.137 

3.125 

10 

7.472 

7.242 

6.917 

6.448 

6.354 

6.25 

15 

10.876 

10.28 

9.812 

9.47 

mm  ^ 

8.493 

8.296 

8.114 

20 

13.601 

12.61 

11.885 

11.395 

10.958 

10.584 

10.251 

9.974 

9,724 

BSil 

25 

15.523 

14.218 

13.377 

12.751 

12.229 

11.764 

11.383 

10.681 

30 

17.57 

15.831 

14.736 

13.879 

13.224 

12.67 

12.168 

11.785 

11.425 

35 

18.671 

16.669 

15.524 

14.657 

13.93 

13.3 

12.8 

12.319 

11.94 

11.574 

40 

19.964 

17.869 

16.51 

15.5 

14.673 

14.023 

13.486 

12.965 

12.555 

12.18 

45 

21.008 

18.392 

16.864 

15.827 

15.049 

14.354 

13.806 

13.314 

12.878 

12.517 

50 

21.684 

19.038 

16.294 

15.457 

14.691 

14.063 

13.565 

13.117 

12.679 

Sample 

Significance  Level  (1-a) 

Size 

■im=i 

■BSEI 

0.925 

0.92 

0.915 

0.91 

0.905 

5 

■Jikl 

IQQIgl 

3.067 

3.055 

3.044 

3.032 

3.021 

3.009 

10 

5.982 

5.893 

5.813 

5.736 

5.664 

5.595 

5.527 

5.457 

15 

7.942 

7.487 

7.362 

7.234 

7.115 

7.003 

6.893 

6.784 

20 

9.232 

8.836 

8.653 

8.475 

8.31 

8.148 

8.011 

7.873 

7.741 

25 

10.101 

9.836 

9.399 

9.19 

9.011 

8.849 

8.689 

8.531 

8.395 

30 

10.806 

9.856 

9.656 

9.474 

9.292 

9.127 

8.971 

35 

11.27 

10.273 

10.053 

9.86 

9.69 

9.504 

9.337 

40 

11.811 

11.482 

11.221 

10.738 

10.517 

10.307 

10.098 

9.91 

9.75 

45 

12.185 

11.859 

11.555 

11.06 

10.834 

10.622 

10.423 

10,229 

10.067 

50 

12.32 

11.722 

11.446 

11.197 

10.976 

10.781 

10.571 

10.384 

10.215 

Sample 

Significance  Level  (1-a) 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

2.961 

2.911 

2.836 

2.811 

2.785 

2.762 

10 

5,33 

5.2 

5.076 

4.961 

4.848 

4.742 

4.646 

4.55 

4.458 

4.362 

15 

6.581 

6.387 

6.205 

6.041 

5.892 

5.754 

5.619 

5.494 

5.379 

5.267 

20 

7.497 

7.27 

7.061 

6.883 

6.711 

6.557 

6.409 

6.268 

6.136 

6.01 

25 

8.139 

7.903 

7.68 

7.479 

7.297 

7.125 

6.955 

6.795 

6.652 

6.512 

30 

8.682 

8.421 

8.183 

7.973 

7.762 

7.578 

7.408 

7.243 

7.084 

6.93 

35 

9.044 

8.772 

8.538 

8.313 

8.103 

7.897 

7.717 

7.546 

7.383 

7.23 

40 

9.434 

9.15 

8.891 

8.648 

8.429 

8.213 

8.018 

7.841 

7.676 

7.517 

45 

9,743 

9.433 

9.168 

8.933 

8.721 

8.504 

8.303 

8.12 

7.947 

7.789 

50 

9.872 

9.588 

9.328 

9.101 

8.877 

8.661 

8.47 

8.281 

8.105 

7,951 
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Table  A.21  Kurtosis  (62)  Lower  Tail  Critical  Values:  j3  =  1.5 


Significance  Level  ( 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

mtiHa 

0.045 

0.05 

5 

1.189 

1.203 

1.214 

1.223 

1.232 

1.24 

■^1 

1.259 

1.302 

1.358 

1.393 

1.423 

1.449 

1.471 

BSI 

1.511 

1.528 

1.545 

15 

1.453 

1.512 

1.553 

1.587 

1.616 

1.642 

1.665 

1.686 

1.728 

1.567 

1.634 

1.683 

1.722 

1.754 

1,786 

1.81 

1.835 

1.856 

1.879 

25 

1.662 

1.736 

1.791 

1.834 

1.872 

1.902 

1.932 

1.959 

1.988 

1.745 

1.828 

1.887 

1.973 

2.009 

2,073 

2.126 

35 

1.825 

1.919 

1.979 

2.077 

2.116 

2.15 

2.183 

2.214 

2.244 

1.897 

1.992 

2.064 

2.118 

2.162 

2.202 

2.242 

2.276 

2.339 

45 

1.967 

2.068 

2.137 

2.195 

2.245 

2.287 

2.327 

2.362 

2.397 

2.43 

2.039 

2.142 

2.216 

2.273 

mm 

2.445 

2.48 

2.513 

Significance  Level  ( 

a) 

0.055 

muiil 

0.075 

IKu 

WEM 

1.271 

■Ql 

1.296 

Bna 

1.316 

1.322 

1.329 

1.56 

1.575 

1,589 

1.603 

1.618 

1.642 

1.664 

15 

1.747 

1.765 

1.781 

1.798 

1.813 

1.828 

1.843 

1.859 

1.874 

1.888 

1.9 

1.92 

1.94 

1.957 

1.976 

1.995 

25 

2.1 

2.121 

2.142 

2.161 

2.181 

2.201 

2.218 

2.153 

2.178 

2.203 

2.227 

2.249 

2.274 

2,297 

2.318 

2.339 

2.359 

35 

2.272 

2.297 

2.322 

2.347 

2.37 

2.417 

2.439 

2.461 

2.48 

40 

2.37 

2.397 

2.422 

2.448 

2.472 

2.497 

2.52 

2.544 

2.566 

2.589 

45 

2.46 

2.489 

2.519 

2.574 

2.597 

2.622 

2.647 

2.67 

2.693 

2.545 

2.574 

2.63 

2.656 

2.682 

2.732 

2.757 

2.781 

Significance  Level  (a)  | 

0.12 

0.13 

Milf 

0.15 

0.16 

0.17 

0.18 

0.19 

0.2 

5 

BKTira 

1,4 

1.416 

1.431 

1.446 

1.477 

10 

1.699 

1.721 

1.741 

1.761 

1.782 

1.802 

1.821 

1.84 

1.86 

1.879 

15 

1.916 

1.944 

1.97 

1.996 

2.023 

2.048 

2.099 

2.123 

2.148 

20 

2.097 

2.128 

2.159 

2.189 

2.22 

2.25 

2.28 

2.311 

2.34 

2.368 

25 

2.256 

2.292 

2.327 

2.361 

2.393 

2.426 

2.458 

2.489 

2.552 

30 

2.4 

2.438 

2.476 

2.511 

2.547 

2.582 

2.617 

2.652 

2.684 

2.718 

35 

2.522 

2.563 

2.603 

2.643 

2,679 

2.717 

2.754 

2.792 

2.829 

2.862 

40 

2.63 

2.671 

2.714 

2.754 

2.793 

2.829 

2,866 

2.941 

2.977 

45 

2.74 

2.782 

2.824 

2.866 

2.905 

2,944 

2.983 

50 

2.827 

2.868 

2.908 

2.952 

2.992 

3.031 

3.073 

3.113 

3.151 

3.189  1 

A-21 


Table  A.22  Kurtosis  (62)  Upper  Tail  Critical  Values:  0  =  1.5 


Sample 

Significance  Level  (l-a) 

Size 

0.98 

0.975 

Hogg 

0.965 

0.96 

0.95 

5 

3.219 

3.196 

■jlljll 

3.159 

3.143 

■si^i 

3.111 

3.096 

10 

7.17 

6.886 

6,465 

6.326 

6.184 

6.057 

5.95 

5.847 

5.739 

15 

mEm 

8.95 

8.588 

8.296 

7.807 

7.605 

7.416 

7.236 

20 

12.286 

m 

10.525 

9.999 

9.583 

9.237 

8.934 

8.639 

8.396 

25 

IHI 

12.586 

11.713 

11.049 

10.52 

10.116 

9.718 

9.403 

9.106 

8.846 

30 

mm 

13.447 

12.458 

11.785 

11.182 

10.326 

9.962 

9.639 

9.366 

35 

16.172 

14.304 

13.182 

12.304 

11.619 

mm 

10.722 

10.346 

9.726 

40 

16.88 

14.861 

13.673 

12.796 

12.041 

11.483 

11.051 

10.646 

45 

17.643 

15.391 

13.961 

13.041 

12.406 

11.313 

10.921 

10.234 

50 

mi 

14.512 

13.413 

12.649 

11.575 

11.14 

10.451 

Sample 

Significance  Level  (1- 

a) 

Size 

beiei 

0.935 

0.93 

0.925 

0.92 

0.915 

0.91 

0.905 

0.9 

5 

3.022 

3.006 

2.993 

2.978 

2.964 

2.949 

2.936 

2.923 

10 

5.646 

5.554 

5.462 

5.379 

5,299 

5.22 

5.15 

5.08 

5.011 

4.941 

15 

7.06 

6.897 

6.76 

6,627 

6.49 

6.37 

6.258 

6.157 

6.053 

5.955 

20 

7.953 

7.759 

7.59 

7.43 

7.273 

7.135 

7.003 

6.885 

6.778 

6.667 

25 

8.62 

8.386 

8.184 

7.999 

7.833 

7.68 

7.534 

7.392 

7.259 

7.139 

30 

9.092 

8.858 

8.67 

8.471 

8.289 

8.131 

7.977 

7.813 

7.677 

7.538 

35 

9.441 

9.229 

9 

8.806 

8.61 

8.432 

8.268 

8.114 

7.965 

7.835 

40 

9.745 

9.497 

9.265 

9.068 

8.878 

8.681 

8.519 

8.359 

8.215 

8.071 

45 

9.966 

9.721 

9.485 

9.274 

9.078 

8.891 

8.716 

8,554 

8.397 

8.256 

50 

9.895 

9.658 

9.454 

9.255 

9.065 

8.889 

8.721 

8.564 

8.417 

Sample 

Significance  Level  (1-a)  | 

Size 

0.89 

0.88 

0.87 

0,86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

2.895 

2.868 

2.84 

2.814 

2.788 

2.763 

2.737 

2.71 

2.684 

2.66 

10 

4.816 

4.695 

4.585 

4.479 

4.373 

4.279 

4.187 

4.101 

3.94 

15 

5.774 

5.46 

5.319 

5.191 

5.069 

4.954 

4.845 

4.745 

4.648 

20 

6,472 

6.29 

6.122 

5.957 

5.808 

5.67 

5.544 

5.425 

5.315 

5.208 

25 

6.929 

6.716 

6.52 

6.348 

6.194 

6.057 

5.921 

5.792 

5.675 

5.561 

30 

7.299 

7.089 

6.896 

6.722 

6.554 

6.403 

6.251 

6.113 

5.993 

5.868 

35 

7.59 

7.372 

7.166 

6.987 

6.806 

6.643 

6.495 

6.36 

6.226 

6.104 

40 

7.826 

7.596 

7.196 

7.017 

6.849 

6.701 

6.558 

6.427 

6.301 

45 

7.995 

7.76 

7.552 

7.367 

7.195 

7.03 

6.875 

6.737 

6.6 

6.474 

50 

8.148 

7.908 

7.681 

7.49 

7.304 

7.137 

6.986 

6.84 

6.698 

6.569 
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Table  A.23  Kurtosis  (62)  Lower  Tail  Critical  Values:  /?  =  2.0 


Sample 

Significance  Level  (a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

1.189 

1.204 

1.215 

1.224 

1.234 

1.242 

1.249 

1.255 

Wsm 

1.268 

10 

1.319 

1.364 

1.397 

1.428 

1.454 

1.478 

1.498 

1.517 

Vm 

1.547 

15 

1.455 

1.518 

1.557 

1.587 

1.616 

1.641 

1.683 

DU 

1.72 

20 

1.625 

1.669 

1.736 

1.763 

1.789 

1.811 

m 

1.85 

25 

1.657 

1.724 

1.773 

1.813 

1.846 

1.874 

1.9 

1.924 

1.949 

30 

1.728 

1.804 

1.857 

1.9 

1.964 

2.042 

35 

1.808 

1.885 

1.939 

1.983 

2.108 

2.131 

2.154 

40 

1.944 

2.001 

2.05 

2.124 

2.158 

2.186 

2.213 

2.239 

45 

1.929 

2.121 

2.161 

2.199 

2.231 

2.264 

2.291 

2.316 

50 

1.983 

2.073 

2.189 

2.227 

2.265 

2,3 

2.332 

2.361 

2.389 

Sample 

Significance  Level  ( 

Size 

■iIiliM 

0.06 

0.065 

m\mm 

mem 

5 

■^n 

1.281 

1.287 

mmjm 

1.299 

1.312 

1.319 

1.326 

1.332 

10 

1.576 

1.59 

mImSm 

1.614 

1.626 

m 

1.65 

1.66 

1.671 

15 

1.736 

1.753 

1.767 

1.782 

1.796 

1.836 

1.85 

1.863 

20 

1.869 

1.887 

1.904 

1.921 

1.937 

1.954 

1.967 

1.981 

1.996 

25 

1.991 

2.009 

2.026 

2.08 

mMmm 

2.113 

2.13 

2.146 

30 

2.11 

2.132 

2.151 

2.169 

2.187 

2.226 

2.243 

2.261 

35 

2.178 

2.2 

2.22 

2.242 

2.282 

2.301 

2.321 

2.338 

2.355 

40 

2.263 

2.287 

2.311 

2.333 

2.355 

2.376 

2.416 

2.434 

2,451 

45 

2.34 

2.364 

2,389 

2.412 

2.454 

2.496 

2.516 

2.534 

50 

2.415 

2.441 

2.466 

2.489 

2.532 

2.554 

2.574 

2.595 

2.615 

Sample 

Significance  Level  (a) 

Size 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.2 

5 

1.346 

1.359 

1.374 

1.389 

1.403 

1.418 

1.434 

1.448 

1.463 

1.479 

10 

1.692 

1.712 

1.732 

1.752 

1.771 

1.789 

1.806 

1.825 

1.844 

1.861 

15 

1.888 

1.912 

1.935 

1.959 

1.982 

2.003 

2.026 

2.048 

2.07 

2.092 

20 

2.038 

2.066 

2.094 

2.119 

2.146 

2.171 

2.196 

2.223 

2.248 

2.272 

25 

2.177 

2.208 

2.238 

2.269 

2.297 

2.324 

2.352 

2.381 

2.409 

2.435 

30 

2.295 

2.326 

2.358 

2,39 

2.421 

2.452 

2.484 

2.514 

2.544 

2.574 

35 

2.391 

2.425 

2.457 

2.49 

2.523 

2.555 

2.584 

2.615 

2.645 

2.676 

40 

2.486 

2.522 

2.554 

2.588 

2.623 

2.656 

2.688 

2.72 

2.754 

2.786 

45 

2.572 

2.609 

2.647 

2.68 

2.716 

2.749 

2.785 

2.818 

2.85 

2.883 

50 

2.654 

2.693 

2.73 

2.766 

2.799 

2.835 

2.868 

2.901 

2.932 

2.964 
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Sample 

Size 


Table  A. 24  Kurtosis  (62)  Upper  Tail  Critical  Values:  /3  =  2.0 

Significance  Level  (l-a) 


7 

9.663 

11.432 

12.729 

13.709 

14.562 

14.837 

15.478 

15.705 


6.644 

8.935 

10.39 

11.376 

12.153 

12.863 

12.965 

13.547 

13.624 


0.985 

0.97 

0.965 

3.159 

3.139  1  3.119 

3.099 

3.08 

6.407 

5.891 

5.754 

8.415 

mmWBSi 

7.462 

7.222 

9.683 

9.179  8.765 

8.421 

8.128 

10.565 

9.06 

8.734 

11.175 

10.475  9.93 

9.484 

9.126 

11.787 

9.966 

9.549 

11.917 

10.058 

9.673 

12.349 

10.411 

9.989 

12.43 

10.436 

10.017 

Sample 

Size 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 


Table  A.25  Kurtosis  (62)  Lower  Tail  Critical  Values:  ^  —  2.5 


Sample 

Significance  Level  ( 

a) 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

0.05 

5 

1.19 

1.205 

1.218 

1.228 

1.236 

1.245 

1.251 

1.257 

1.263 

1.269 

10 

1.317 

1.367 

1.404 

1.433 

1.457 

1.478 

1.498 

1.515 

1.532 

1.548 

15 

1.454 

1.513 

1.551 

1.581 

1.608 

1.63 

1.652 

1.672 

1.69 

1.707 

20 

1.571 

1.628 

1.669 

1.703 

1.733 

1.759 

1.782 

1.803 

1.822 

1.84 

25 

1.655 

1.721 

1.764 

1.8 

1.832 

1.858 

1.88 

1.904 

1,924 

1.945 

30 

1.724 

1.792 

1.838 

1.877 

1.909 

1.94 

1.967 

1.99 

2.013 

2.035 

35 

1.791 

1.868 

1.918 

1.958 

1.991 

2.02 

2.046 

2.071 

2.093 

2.114 

40 

1.847 

1.927 

1.976 

2.017 

2.053 

2.083 

2.111 

2.14 

2.164 

2.187 

45 

1.907 

1.984 

2.037 

2.081 

2.12 

2.153 

2.183 

2.209 

2.233 

2.257 

50 

1.953 

2.035 

2.091 

2.138 

2.176 

2.21 

2.24 

2.267 

2.293 

2.316 

Sample 

Significance  Level  ( 

Size 

0.055 

mm 

0.085 

0.1 

5 

1.275 

1.281 

1,288 

1.295 

1.302 

1.315 

1.322 

1.329 

1.335 

10 

1.563 

1.577 

1.59 

1.616 

1.628 

1.639 

1.65 

1.661 

1.673 

15 

1.724 

1.74 

1.755 

1.769 

1.782 

1.796 

1.808 

1.821 

1.832 

1.844 

20 

1.857 

1.874 

1.89 

1.921 

1.935 

1.95 

1.977 

1.991 

25 

1.964 

1.981 

1.997 

2.03 

2.06 

2.104 

30 

2.054 

2.073 

2.092 

2.126 

2.143 

2.157 

2.173 

2.189 

2.204 

35 

2.134 

2.155 

2.174 

2.192 

2.211 

2.229 

2.247 

2.263 

2.278 

2.295 

40 

2.209 

2.23 

2.25 

2.269 

2.324 

2.341 

2.359 

2.374 

45 

2.281 

2.302 

2.323 

2.344 

2.365 

2.384 

2.403 

2.421 

2.438 

2.454 

50 

2.34 

2.362 

2.383 

2.423 

2.442 

2.461 

2.48 

2.498 

2.515 

Sample 

Significance  Level  (a)  | 

Size 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.2 

5 

1.348 

1.362 

1.377 

1.392 

1.407 

1.421 

1.436 

1.45 

1.465 

1.48 

10 

1.693 

1.712 

1.731 

1.749 

1.767 

1.786 

1.803 

1.819 

1.836 

1.853 

15 

1.868 

1.891 

1.913 

1.934 

1.955 

1.976 

1.997 

2.017 

2.036 

2.057 

20 

2.018 

2.043 

2.066 

2.09 

2.113 

2.135 

2.159 

2.182 

2.204 

2.227 

25 

2.131 

2.159 

2.187 

2.212 

2.239 

2,264 

2.287 

2.313 

2.337 

2.36 

30 

2.233 

2.264 

2.292 

2.32 

2.346 

2.374 

2.4 

2.426 

2.453 

2.48 

35 

2.327 

2.36 

2.391 

2.421 

2.448 

2.475 

2.503 

2.529 

2.557 

2.583 

40 

2.406 

2.437 

2.469 

2.499 

2.529 

2.558 

2.587 

2.615 

2.644 

2.671 

45 

2.487 

2.52 

2.552 

2.585 

2.615 

2.644 

2.673 

2.701 

2.73 

2.755 

50 

2.55 

2.582 

2.615 

2.646 

2.677 

2.708 

2.739 

2.769 

2.799 

2.826 
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Table  A.28  Kurtosis  (62)  Upper  Tail  Critical  Values:  /3  =  3.0 


Sample 

Significance  Level  (l-a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

5 

3.196 

3.164 

3.136 

3.11 

3.088 

3.066 

3.045 

3.024 

3.005 

2.986 

10 

6.674 

6.327 

5.84 

5.661 

5.5 

5.369 

5.24 

5.129 

5.029 

15 

8.881 

7.259 

6.965 

6.731 

6.516 

6.323 

6.154 

5.998 

20 

10.104 

9.155 

8.591 

8.116 

7.77 

7.462 

7.213 

6.967 

6.767 

6.59 

25 

11.339 

9.259 

8.699 

8.283 

7.91 

7.614 

7.354 

7.13 

6.93 

30 

12 

9.774 

9.126 

8.651 

8.265 

7.933 

7.649 

7.417 

35 

12.513 

9.921 

9.293 

8.799 

8.434 

8.112 

7.84 

7.587 

7.36 

40 

12.79 

11.072 

10.072 

9.463 

8.968 

8.609 

8.282 

7.997 

7.761 

7.523 

45 

13.077 

11.303 

9.737 

9.178 

8.765 

8.413 

8.11 

7.862 

7.636 

50 

13.117 

11.4 

10.434 

9.77 

9.218 

8.752 

8.405 

8.119 

7.877 

7.641 

Sample 

Significance  Level  (l-a) 

Size 

0.945 

0.935 

0.93 

im 

0.92 

0.915 

0.91 

0.905 

5 

2.969 

■09 

2.932 

2.915 

2.899 

2.882 

2.865 

2.849 

2.833 

2.817 

10 

4.926 

4.83 

4.749 

4.663 

4.587 

4.509 

4.441 

4.374 

4.313 

4.259 

15 

5.842 

5.717 

5.596 

5.484 

5.376 

5.275 

5.182 

5.095 

5.012 

4.937 

20 

6.421 

6.269 

6.129 

5.997 

5.869 

5.754 

5.651 

5.554 

5.457 

5.367 

25 

6.753 

6.592 

6.424 

6.284 

6.166 

6.043 

5.935 

5.831 

5.733 

5.647 

30 

7.013 

6.826 

6.659 

6.526 

6.39 

6.269 

6.15 

6.049 

5.942 

5.848 

35 

7.172 

6.995 

6.824 

6.686 

6.546 

6.423 

6.304 

6.193 

6.092 

5.995 

40 

7.321 

7.146 

6.983 

6.833 

6.698 

6.57 

6.454 

6.342 

6,234 

6.141 

45 

7.431 

7.086 

6.924 

6.788 

6.659 

6.531 

6.424 

6.313 

6.214 

50 

7.431 

7.249 

7.09 

6.947 

6.819 

6.699 

6.591 

6.488 

6.388 

6.294 

Sample 

Significance  Level  (1-a) 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

2.786 

2.757 

2.728 

2.701 

2.674 

2.648 

2.622 

2.598 

2.575 

2.552 

10 

4.149 

4.043 

3.944 

3.854 

3.769 

3.689 

3.62 

3.547 

3.478 

3.415 

15 

4.793 

4.662 

4.541 

4.431 

4.332 

4.236 

4.145 

4.063 

3.983 

3.909 

20 

5.207 

5.065 

4.934 

4.809 

4.695 

4.588 

4.488 

4.405 

4.319 

4.242 

25 

5.479 

5.328 

5.186 

5.059 

4.941 

4.829 

4.725 

4.633 

4.545 

4.464 

30 

5.68 

5.531 

5.382 

5.251 

5.131 

4.908 

4.816 

4.725 

4.643 

35 

5.822 

5.664 

5.522 

5.393 

5.279 

5.169 

5.059 

4.961 

4.87 

4.786 

40 

5.963 

5.798 

5.649 

5.511 

5.388 

5.27 

5.164 

5.067 

4.975 

4.885 

45 

6.033 

5.876 

5.727 

5.597 

5.472 

5.356 

5.251 

5.149 

4.97 

50 

6.112 

5.958 

5.812 

5.683 

5.558 

5.446 

5.344 

5.246 

5.15 

5.064 

Table  A.29  Kurtosis  (62)  Lower  Tail  Critical  Values:  =  3.5 


Sample 

Significance  Level  ( 

a) 

Size 

■iltiliM 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.04 

0.045 

5 

BWtiVl 

1.207 

1.219 

1.23 

1.239 

1.247 

1.254 

1.26 

1.266 

1.272 

1.32 

1.372 

1.408 

1.435 

1.46 

1.48 

1.499 

1.517 

1.534 

1.549 

15 

1.522 

1.562 

1.593 

1.62 

1.644 

1.663 

1.682 

1.699 

1.715 

1.564 

1.624 

1.666 

1.7 

1.729 

1.753 

1.774 

1.794 

1.813 

1.83 

25 

1.658 

1.717 

1.76 

1.793 

1.82 

1.847 

1.87 

1.891 

1.911 

1.93 

1.726 

1.787 

1.829 

1.866 

1.894 

1.92 

1.944 

1.966 

1.985 

35 

1.781 

1.851 

1.901 

1.934 

1.964 

1.989 

2.015 

1.837 

1.951 

1.99 

2.02 

2.048 

2.073 

2.116 

2.136 

45 

1.888 

1.96 

2.011 

2.048 

2.081 

2.111 

2.137 

2.159 

2.18 

2.198 

1.933 

2.048 

2.087 

2.12 

2.151 

2.178 

2.224 

2.244 

Significance  Level  ( 

[0^) 

Size 

0.06 

0.065 

0.075 

0.09 

0.095 

5 

1.279 

1.286 

1.292 

1.298 

1.305 

1.312 

1.318 

1.325 

1.332 

1.339 

1.563 

1.576 

1.59 

1.603 

1.614 

1.626 

1.637 

1.658 

1.669 

15 

1.73 

1.745 

1.773 

1.785 

1.798 

1.81 

1.822 

1.833 

1.844 

1.846 

1,863 

1.878 

1.893 

1.907 

1.921 

1.934 

1.948 

1.961 

1.972 

25 

1.946 

1,962 

1.976 

1.991 

2.006 

2.059 

2,084 

2.113 

2.128 

2.142 

2.155 

35 

2.097 

2.113 

2.145 

2.161 

2.176 

2.19 

2.219 

2.233 

2.154 

2.172 

2.188 

2.223 

2.24 

2.255 

2.269 

2.283 

2.297 

45 

2.218 

2.236 

2.255 

2.271 

2.288 

2.318 

2.333 

2.349 

2.364 

50 

2.265 

2.283 

2.32 

2.337 

2,354 

2.37 

2.385 

2.4 

2.416 

Sample 

Significance  Level  ( 

a) 

Size 

■jiia 

0.12 

0.13 

0.14 

0.15 

0.16 

■iWM 

0.18 

0.19 

0.2 

5 

1.353 

1.367 

1.382 

1.411 

1.426 

1.441 

1.456 

Ha 

1.485 

1.689 

1.726 

1.744 

1.76 

1.776 

1.795 

1.812 

wm 

1,846 

15 

1.866 

1.887 

1.907 

1.928 

1.948 

1.968 

1.987 

2.005 

2.024 

2.042 

1.996 

2.083 

2.104 

2.124 

2.143 

2.163 

2.183 

25 

2.098 

2.121 

2.144 

2.167 

2.189 

2.211 

2.233 

2.254 

2.275 

2.297 

2.183 

2.231 

2.277 

2.3 

2.323 

2.347 

2.39 

35 

2.26 

2,286 

2.312 

2.337 

2.361 

2.384 

2.431 

2,454 

2.476 

2.325 

2.352 

2.379 

2.431 

2.455 

2.48 

2.553 

45 

2.392 

2,421 

2.447 

2.473 

2.498 

2.523 

2.548 

2.572 

2.598 

50 

2.445 

2.473 

2.499 

2,525 

2,551 

2.576 

2.6 

2.624 

2.649 

2.672 
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Table  A.30  Kurtosis  (62)  Upper  Tail  Critical  Values:  /J  =  3.5 


Sample 

Significance  Level  (l-a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0.97 

0.965 

0.96 

0.955 

0.95 

5 

3.195 

3.158 

3.128 

3.103 

3.079 

3.057 

3.035 

3.014 

2.995 

2.975 

10 

6.568 

6.166 

5.914 

5.704 

5.531 

5.375 

5.221 

5.1 

4.993 

4.895 

15 

8.586 

7.855 

7.396 

7.025 

6.749 

6.508 

6.297 

6.102 

5.93 

5,782 

20 

9.955 

8.962 

8.297 

7.827 

7.467 

7.174 

6.888 

6.655 

6.459 

6.267 

25 

10.719 

9.485 

8.746 

8.186 

7.79 

7.471 

7.185 

6.949 

6.731 

6.549 

30 

11.285 

9.982 

9.195 

8.61 

8.192 

7.83 

7.509 

7.243 

7.019 

6.823 

35 

11,943 

10.329 

9.433 

8.843 

8.369 

7.995 

7.698 

7.444 

7,202 

7 

40 

11.973 

10.462 

9.565 

8.958 

8.494 

8.118 

7.809 

7.525 

7,283 

7.061 

45 

12.3 

10.686 

9.792 

9.136 

8.654 

8.273 

7.946 

7.666 

7.417 

7.201 

50 

12.272 

10.613 

9.728 

9.083 

8.608 

8.225 

7.898 

7.634 

7.404 

7.21 

Sample 

Significance  Level  (1-a) 

Size 

0.945 

0.94 

0.935 

0.93 

0.925 

0.92 

0.915 

0.91 

0.905 

0.9 

5 

2,956 

2,937 

2.918 

2.9 

2.883 

2.865 

2.849 

2.833 

2.818 

2.801 

10 

4.799 

4.706 

4.62 

4.542 

4.471 

4.395 

4.325 

4.263 

4.203 

4.144 

15 

5.647 

5.529 

5.403 

5.293 

5.18 

5.086 

4.999 

4.912 

4.833 

4.757 

20 

6,112 

5.985 

5.849 

5.73 

5.614 

5.511 

5.413 

5.315 

5.227 

5.144 

25 

6.387 

6.243 

6.106 

5.979 

5.867 

5.756 

5.654 

5.563 

5.476 

5.393 

30 

6.653 

6.491 

6.348 

6.221 

6.101 

5,988 

5.876 

5.765 

5.674 

5.58 

35 

6.819 

6.641 

6.487 

6.359 

6.225 

6.114 

6.006 

5.906 

5.813 

5.722 

40 

6.891 

6.731 

6.603 

6.465 

6.339 

6.22 

6,117 

6.013 

5.919 

5.822 

45 

7.019 

6.857 

6.701 

6.566 

6.435 

6.315 

6.207 

6.105 

6.018 

5.933 

50 

7.035 

6.876 

6.725 

6.589 

6.468 

6.343 

6.236 

6.136 

6.043 

5.953 

Sample 

Significance  Level  (1-a)  | 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

2.77 

2.74 

2.714 

2.686 

2.66 

2.635 

2.61 

2.586 

2.563 

2.541 

3.933 

3.843 

3.753 

3.67 

3.593 

3.52 

3.454 

3.391 

3.331 

15 

4.626 

4.501 

4.39 

4.289 

4.194 

4.099 

4.018 

3.942 

3.866 

3.797 

4.997 

4,869 

4,74 

4.522 

4.428 

4.337 

4.25 

4.168 

4.096 

25 

5.23 

5,09 

4.967 

4.851 

4.743 

4.635 

4.544 

4.456 

4.377 

4.302 

5.418 

5.269 

5.137 

5.013 

4.903 

4.806 

4.705 

4.613 

4.523 

4.445 

35 

5.561 

5.405 

5.271 

5.147 

5.032 

4.929 

4.829 

4.735 

4.645 

4.564 

5.658 

5.51 

5.381 

5.259 

5.143 

5.035 

4.937 

4.847 

4.766 

4.686 

45 

5.762 

5.612 

5.478 

5.355 

5.241 

5.131 

5.03 

4.936 

4.847 

4.766 

5.787 

5.631 

5.502 

5.382 

5.269 

5.161 

5.069 

4.979 

4.894 

4.81 
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Table  A.31  Kurtosis  (62)  Lower  Tail  Critical  Values:  ^  =  4.0 


Sample 

Significance  Level  ( 

Size 

0.005 

0.01 

0.015 

0.02 

0.025 

0.03 

0.035 

0.05 

5 

1.191 

1.207 

1.219 

1.229 

1.239 

1.247 

1.253 

1.26 

1.266 

1.272 

10 

1.376 

1.411 

1.44 

1.464 

1.484 

1.52 

1.536 

1.551 

15 

1.465 

1.522 

1.563 

1.595 

1.619 

1.641 

1.66 

1.679 

1.695 

1.712 

20 

1.625 

1.664 

1.726 

1.751 

1.772 

1.811 

1.828 

25 

1.658 

1.722 

1.762 

1.795 

1.823 

1.847 

1.868 

1.889 

1.925 

30 

1.72 

1.783 

1.827 

1.861 

1.888 

1.914 

1.937 

1.958 

1.978 

1.997 

35 

1.847 

1.891 

1.925 

1.954 

1.98 

2.059 

40 

1.832 

1.895 

1.944 

1.979 

K&SSS 

2.125 

45 

1.881 

1.95 

1.997 

2.118 

2.14 

2.161 

2.182 

50 

1.932 

1.996 

2.042 

2.11 

2.139 

2.162 

2.185 

2.226 

Sample 

Significance  Level  (qj) 

Size 

0.055 

0.065 

Hi 

5 

1.279 

1.291 

1.298 

1.305 

1.312 

1.319 

1.325 

1.332 

1.339 

10 

1.565 

1.579 

1.591 

1.616 

1.628 

1.639 

1.649 

1.66 

1.669 

15 

1.728 

1.742 

1.756 

1.769 

1.782 

1.794 

1.817 

1.828 

1.839 

20 

1.844 

1.86 

1.876 

1.89 

1.903 

1.916 

1.929 

1.943 

1.954 

1.966 

25 

1.941 

1.956 

1.971 

1.986 

2 

2.014 

mmjm 

30 

2.015 

2.031 

2.047 

2.063 

2.078 

2.093 

2.119 

2.132 

2.145 

35 

2.077 

2.11 

2.125 

2.14 

2.154 

2.168 

2.182 

2.196 

40 

2.142 

2.159 

2.174 

2.189 

2.204 

2.219 

2.234 

2.248 

2.262 

2.276 

45 

2.201 

2.218 

2.234 

2.251 

2.267 

2.282 

2.297 

2.312 

2.326 

2.34 

50 

2.246 

2.264 

2.281 

2.299 

2.315 

2.33 

2.346 

2.361 

2.374 

2.388 

Sample 

Significance  Level  ( 

Size 

0,2 

5 

1.353 

1.367 

1.382 

1.397 

1.411 

1.426 

1.441 

1.455 

1.47 

1.485 

10 

1.689 

1.725 

1.742 

1.759 

1.776 

1.794 

1.811 

1.828 

1.845 

15 

1.861 

1.882 

1.922 

1.943 

1.981 

1.999 

2.017 

2.036 

20 

1.988 

2.011 

2.113 

2.133 

2.152 

2.172 

25 

2.113 

2.136 

2.158 

2.179 

2.219 

2.24 

2.259 

2.28 

30 

2.171 

2.196 

2.219 

2.242 

2.264 

2.288 

2.331 

2.353 

2.373 

35 

2.234 

2.258 

2.284 

2.331 

2.354 

2.377 

2.399 

2.42 

2.442 

40 

mmtim 

2.328 

2.378 

2.448 

2.47 

2.491 

2.514 

45 

2.418 

2.441 

2.465 

2.488 

2.511 

2.532 

2,554 

2.578 

50 

2.415 

2.441 

2.468 

2.493 

2.517 

2.541 

2.565 

2.589 

2.612 

2.635 
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Table  A.32  Kurtosis  (62)  Upper  Tail  Critical  Values:  j3  =  4.0 


Sample 

Significance  Level  (1-a) 

Size 

0.995 

0.99 

0.985 

0.98 

0.975 

0,97 

0.965 

0.96 

0.955 

0.95 

5 

3.194 

3.156 

3.125 

3.098 

3.072 

3.049 

3.026 

3.005 

2.985 

2.966 

10 

6.478 

6.077 

5.804 

5.599 

5.447 

5.281 

5.146 

5.026 

4.918 

4.808 

15 

8.485 

7.684 

7.189 

6.847 

6,582 

6.326 

6.12 

5.933 

5.769 

5.613 

20 

8.678 

8.026 

7.568 

7.194 

6.917 

6.659 

6.451 

6.249 

6.077 

25 

iH 

9.259 

8.528 

8.013 

7.589 

7.274 

6.991 

6.751 

6.549 

6.364 

m 

9.55 

8.812 

8.246 

7.837 

7.479 

7.198 

6.955 

6.741 

35 

11.19 

9.787 

8.996 

8.411 

7.972 

7.619 

7.336 

6.859 

6.659 

11.598 

9.983 

9.176 

8.569 

8.131 

7.779 

7.476 

7.225 

7.031 

6.829 

45 

11.547 

9.182 

8.565 

8.156 

7.795 

7.492 

7.25 

7.038 

6.859 

50 

11.683 

■nfBl 

9.27 

8.7 

8.247 

7.878 

7.58 

7.325 

7.091 

mm 

Sample 

Significance  Level  (1-a) 

Size 

0.945 

0.94 

0.935 

0.93 

0.925 

0.92 

0.9 

5 

2.945 

2.926 

2.908 

2.889 

2.872 

2.855 

2.837 

2.821 

KKUIia 

2.789 

10 

4.716 

4.636 

4.556 

4.474 

4.402 

4.332 

4.196 

4.139 

4.081 

15 

5.48 

5.36 

5.252 

5.136 

5.033 

4.944 

4.856 

4.772 

4.696 

20 

5.925 

5.784 

5.655 

5.538 

5.432 

5.334 

5.239 

5,151 

4.989 

25 

6.198 

6.056 

5.925 

5.801 

5.697 

5.589 

5.396 

30 

6.391 

6.231 

6.098 

5.969 

5.852 

5.733 

5.628 

5.539 

5.446 

5.358 

35 

6.489 

6.343 

6.206 

6.077 

5.959 

5.853 

5.656 

5.571 

5.485 

40 

6.648 

6.493 

6.349 

6.217 

6.094 

5.978 

5.866 

5.772 

5.682 

5.597 

45 

6.669 

6.502 

6.362 

6.237 

6.118 

6.009 

5.813 

5.724 

50 

6.721 

6.573 

6.435 

6.3 

6,185 

6.08 

5.984 

5.885 

5.798 

Sample 

Significance  Level  (1-a) 

Size 

0.89 

0.88 

0.87 

0.86 

0.85 

0.84 

0.83 

0.82 

0.81 

0.8 

5 

2.759 

2.73 

2.701 

2.674 

2.647 

2.623 

2.597 

2.574 

2.552 

2,531 

10 

3.974 

3.876 

3.783 

3.699 

3.619 

3.548 

3.478 

3.414 

3.353 

3.297 

15 

4.495 

4,38 

4.272 

4.167 

4.076 

3.992 

3.911 

3.835 

3.765 

3.697 

20 

4.844 

4.72 

4.601 

4.491 

4.386 

4.29 

4.199 

4,122 

4.049 

3.977 

25 

5.079 

4.937 

4.814 

4.7 

4.596 

4.5 

4.403 

4.316 

4.232 

4.161 

30 

5.204 

5.078 

4.954 

4.842 

4.737 

4.644 

4.553 

4.467 

4.389 

4.31 

35 

5.331 

5.188 

5.055 

4.943 

4.838 

4.741 

4.65 

4.569 

4.489 

4.413 

40 

5.44 

5.302 

5.172 

5.057 

4.947 

4.85 

4.756 

4.672 

4.593 

4,512 

45 

5.479 

5.342 

5.224 

5.112 

5.004 

4.903 

4.809 

4.721 

4.644 

4.566 

50 

5.566 

5.425 

5.302 

5.186 

5.078 

4.98 

4.888 

4.803 

4.721 

4.645 
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Appendix  B.  Plots  for  Critical  Values 


Skewness  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 
- 1 - 1 - 1 - 1 - 1 - 1 - 


Kurtosis  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 


20  25  30  35 

Sample  Size  (n) 


-  0.01 

•  0.1 
* 

O 

X 
+ 


Figure  B.l  Critical  Values  for  Skewness  and  Kurtosis,  /?=0.5 


Skewness  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 
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Figure  B.6  Critical  Values  for  Skewness  and  Kurtosis,  /3=3 


Skewness  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 


Skewness  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level(alpha) 


Appendix  C.  Attained  Significance  Levess 
C.l  Gamma  Shape  (0)  =  1 
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Appendix  D.  Contour  Plots  for  Attained  Significance  Levels 
D.l  Gamma  Shape  (/3)  =  0.5 
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Figure  D.l  Sample  Size  =  5 


Figure  D.2  Sample  Size  =  10 
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Figure  D.9  Sample  Size  =  45 


Figure  D.IO  Sample  Size  =  50 
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Appendix  E.  Sequential  Test  Power  Results 


E.l  Ho:  Gamma  (p  ==0.5) 
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e  E.3  Power  Study:  Sequential  Test,  n  =  25-  Ha:  GammafO.5,1): 
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Table  E.ll  Power  Study:  Sequential  Test,  n  =  25  -  Hq:  Gamma(0.5,l);  Ha'  XLogistic(0,l) 


E.2  Hq:  Gamma  (p  =  1) 
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E.3  Hq:  Gamma  (P  =  1.5) 
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E.4  Ho:  Gamma  (0  =  3.5) 
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Table  E.107  Power  Study:  Sequential  Test,  n  =  25  -  Hq  :  Gamma(3.5,l);  Ha'.  Gamma(3.5,l) 
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E-70 


Appendix  F.  Power  Comparison  Plot:  Sequential  Test  Power  vs.  Individual  Test 

Power  (Two-tailed) 


F.l  Hq:  Gamma  =0.5) 
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Figure  F.l  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(0.5,l);  Ha  : 
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Figure  F.3  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(0.5,l);  Hai  XLogistic(0,l) 
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Figure  F.4 


Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(0.5,l);  Hai  XLogistic(0,l) 
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Sample  Size(n)  =  5 


Figure  F.5  Power  Comparison  (SEQ.  vs.  INDV.)  -  Ho'-  Gamma(0.5,l);  Ha'-  Xdouble-Exp. 
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Figure  F.6  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(0.5,l);  Xdouble-Exp. 
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Figure  F.7  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(0.5,l);  -ffa*  XCauchy(0,l) 
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F.2  Hq:  Gamma  (0  =1) 
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Figure  F.9  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha:  Beta(2,2) 
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Figure  F.IO  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq-.  Gamma(l,l);  Ha'-  Beta(2,2) 


F-12 


POWER  POWER 


Sample  Slze(n)  =  5 


Figure  F.ll  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Hat  Beta(2,3) 
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Sample  Size(n)  =  25 
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Figure  F.12  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Hai  Beta(2,3) 


POWER  POWER 


Sample  Slze(n)  =  5 


SIG.  LEVEL 

Figure  F.13  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Hai  Normal(0,l) 
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Figure  F.14  Power  Comparison  (SEQ.  vs.  INDV.)  -  Gamma(l,l);  Ha'  Normal(0,l) 
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Figure  F.15  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha'.  Uniform(0,2) 
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Figure  F.17  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha'-  Weibull(2,l) 
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Figure  F,18  Power  Comparison  (SEQ.  vs.  E^DV.)  -  Hq:  Gamma(l,l);  Ha'-  Weibull(2,l) 
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Figure  F.19  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha:  Gamma(ljl) 
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Figure  F.22  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha.  Gamma(2,l) 
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Figure  F.23  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Hai  Gamma(3.5,l) 
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Figure  F.24  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha:  Gamma(3.5,l) 
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Figure  F.25  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha-  X^(l) 
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Figure  F.26  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Hai  X^(l) 
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Figure  F.28  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Hai 
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Figure  F.29  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha'.  Lognonnal(0,l) 
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Figure  F.30  Power  Comparison  (SEQ.  vs.  INDV.)  -  Ho*  Gamma(l,l);  Hai  Lognormal(0,l) 
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Figure  F.32  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l5l);  Hq:  XLogistic(0,l) 
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Figure  F.35  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha-  XCauchy(0,l) 
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Figure  F.36  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(l,l);  Ha:  XCauchy(0,l) 


F.3  Ho:  Gamma  (ji  =  1.5) 
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Figure  F.37  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(1.5,l);  Ha  : 
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Figure  F.38  Power  Comparison  (SEQ.  vs.  INDV.)  -  i?o-  Gamma(l,l);  Ha  :  X^(4) 
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Figure  F.40  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(3.5,l);  Hai  Beta(2,2) 
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Figure  F.41  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(3.5,l);  Ha:  Beta(2,3) 
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Figure  F.42  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq-.  Gamma(3.5,l);  Ha-  Beta(2,3) 
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Figure  F.43  Power  Comparison  (SEQ.  vs.  INDV.)  -  Ho'-  Gamma(3.5,l);  Ha'.  Normal(0,l) 
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Figure  F.44  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq-  Gamma(3.5,l);  Ha'.  Normal(0,l) 
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Figure  F.46  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(3.5,l);  Ha'-  Uniform(0,2) 
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Figure  F.48  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(3.5,l);  Ha-  Weibull(2,l) 
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Figure  F.50  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq-  Gamma(3.5,l);  Ha'-  Gamma(l,l) 
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Figure  F.52  Power  Comparison  (SEQ.  vs.  INDV.)  -  Hq:  Gamma(3.5,l);  Ha-  Gamma(2,l) 
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Figure  F.53  Power  Comparison  (SEQ.  vs.  INDV.):  Hq:  Gamma(3.5,l);  Gamma(3.5,l) 
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Figure  F.54  Power  Comparison  (SEQ.  vs.  INDV.):  Gamma(3.5,l);  Hai  Gamma(3.5,l) 


Appendix  G.  Individual  Skewness  and  Kurtosis  Test  Power  Results  (Two-tailed) 

GJ  Hq:  Gamma  (p  =  1) 


GJJ  Skewness  Test  Results, 


Table  G.l  Power  Study:  Skewness  Test  -  Hq:  Gamnia(l,l);  Uniform(0,2) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.033 

0.121 

0.206 

0.28 

0.345 

15 

0.355 

0.632 

0.765 

0.834 

0.878 

25 

0.742 

0.924 

0.966 

0.982 

0.989 

50 

0.997 

1 

1 

1 

1 

Table  G.2  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  ^o'  Norm(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.031 

0.133 

0.226 

0.291 

0.348 

15 

0.385 

0.601 

0.709 

0.77 

0.812 

25 

0.678 

0.839 

0.898 

0.926 

0.943 

50 

0.959 

0.986 

0.993 

0.996 

0.997 

Table  G.3  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha'.  Lognorm(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.019 

0.074 

0.136 

0.19 

0.242 

15 

0.059 

0.136 

0.204 

0,262 

0.318 

25 

0.085 

0.176 

0.259 

0.323 

0.378 

50 

0.134 

0.27 

0.371 

0.443 

0.499 

Table  G.4  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Hai  X^(l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.029 

0.09 

0.15 

0.205 

0.256 

15 

0.027 

0.087 

0.143 

0.2 

0.251 

25 

0.031 

0.095 

0.162 

0.223 

0.279 

50 

0.032 

0.111 

0.193 

0.264 

0.324 

G-1 


Table  G.5  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Hai  Weibull(2,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.015 

0.076 

0.145 

0.2 

0.253 

15 

0.112 

0.268 

0.383 

0.463 

0.53 

25 

0.226 

0.447 

0.572 

0.65 

0.703 

50 

0.537 

0.745 

0.826 

0.872 

0.899 

Table  G.6  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Hai  XLogistic(05l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.124 

0.22 

0.292 

0.347 

0.395 

15 

0.307 

0.428 

0.506 

0.571 

0.629 

25 

0.418 

0.577 

0.673 

0.732 

0.774 

50 

0.641 

0.81 

0.879 

0.913 

0.934 

Table  G.7  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Hai  Gamma(3.5) 


Sample 

Size 

1  Significance  Level  ] 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.012 

0.064 

0.123 

0.176 

0.225 

15 

0.057 

0.158 

0.247 

0.32 

0.382 

25 

0.099 

0.236 

0.338 

0.412 

0.471 

50 

0.211 

0.389 

0.496 

0.571 

0.624 

Table  G.8  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Hai  Gamma(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.011 

0.053 

0.107 

0.157 

0.203 

15 

0.024 

0.088 

0.157 

0.216 

0.276 

25 

0.037 

0.12 

0.197 

0.26 

0.316 

50 

0.069 

0.175 

0.261 

0.332 

0.389 

Table  G.9  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha:  Gamma(l,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.01 

0.05 

0.101 

0.151 

0.2 

15 

0.01 

0.049 

0.098 

0.148 

0.201 

25 

0.01 

0.05 

0.102 

0.153 

0.2 

50 

0.01 

0.05 

0.101 

0.15 

0.199 

Table  G.IO  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha:  X^(4) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.011 

0.053 

0.107 

0.157 

0,203 

15 

0.024 

0.088 

0.157 

0.216 

0.276 

25 

0.037 

0.12 

0.197 

0.26 

0,316 

50 

0.069 

0.175 

0.261 

0.332 

0.389 
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Table  G.ll  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha:  XCaucliy(0,l) 


Table  G.12 


Table  G.13 


Table  G.14 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.343 

0.418 

0.474 

0.516 

0.549 

15 

0.691 

0.754 

0.794 

0.829 

0.854 

25 

0.822 

0.89 

0.913 

0.926 

0.933 

50 

0.918 

0.93 

0.933 

0.933 

0.934 

Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l); 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.019 

0.089 

0.163 

0.224 

0.28 

15 

0.185 

0.406 

0.549 

0.638 

0.707 

25 

0.427 

0.706 

0.824 

0.881 

0.914 

50 

0.909 

0.981 

0.993 

0.997 

0.998 

Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l); 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.026 

0.119 

0.211 

0.28 

0.342 

15 

0.36 

0.631 

0.76 

0.827 

0.872 

25 

0.742 

0.919 

0.964 

0.98 

0.988 

50 

0.996 

1 

1 

1 

1 

Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.096 

0.183 

0.254 

0,312 

0.362 

15 

0.286 

0.402 

0.479 

0.541 

0.598 

25 

0.4 

0.55 

0.644 

0.701 

0.741 

50 

0.625 

0.789 

0.857 

0.894 

0.916 

^a:  Beta(2,3) 


Beta(2,2) 


Xdouble  -  Exp. 


G-3 


G.L2  Kurtosis  Test  Results, 


Table  G.15  Power  Study:  Kurtosis  Test  -  Ho‘-  Gamma(l,l);  Ha,  Unif0rm(0,2) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.007 

0.038 

0.08 

0.125 

0.169 

15 

0.051 

0.218 

0.377 

0.498 

0.593 

25 

0.274 

0.63 

0.814 

0.896 

0.938 

50 

0.959 

0.998 

1 

1 

1 

Table  G.16  Power  Study:  Kurtosis  Test  -  Hq:  Gamina(l5l);  Ha'  Norm(0,l) 


Sample 

Size 

Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.003 

0.018 

0.043 

0.071 

0.103 

15 

0.003 

0.027 

0.067 

0.114 

0.165 

25 

0.009 

0.064 

0.155 

0.25 

0.339 

50 

0.073 

0.321 

0.519 

0.645 

0.732 

Table  G.17  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Ha',  Lognorm(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.02 

0.077 

0.14 

0.197 

0.249 

15 

0.057 

0.133 

0.199 

0.254 

0.306 

25 

0.081 

0.164 

0.237 

0.3 

0.355 

50 

0.117 

0.237 

0.331 

0.4 

0.454 

Table  G.18  Power  Study:  Kurtosis  Test  -  Hq:  Gamina(l,l);  Ha'  X^(l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.035 

0.109 

0.182 

0.245 

0.301 

15 

0.028 

0.091 

0.149 

0.203 

0.254 

25 

0.029 

0.091 

0.152 

0.207 

0.263 

50 

0.028 

0.092 

0.163 

0.224 

0.279 

Table  G.19  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Hai  Weibull(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.003 

0.022 

0.051 

0.085 

0.12 

15 

0.005 

0.039 

0.092 

0.151 

0.209 

25 

0,016 

0.095 

0.205 

0.304 

0.39 

50 

0.11 

0.345 

0.501 

0.603 

0.668 

Table  G.20  Power  Study:  Kurtosis  Test  -  Hq:  Gamina(l,l);  ^a*  XLogistic(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.129 

0.234 

0.314 

0.374 

0.426 

15 

0.298 

0.41 

0.48 

0.531 

0.575 

25 

0.394 

0.515 

0.605 

0.671 

0.717 

50 

0.564 

0.734 

0.819 

0.86 

0.889 

Table  G.21  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Ha:  Gamma(3.5) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.004 

0.023 

0.054 

0.09 

0.127 

15 

0.005 

0.033 

0.077 

0.127 

0.178 

25 

0.01 

0.058 

0.133 

0.201 

0.267 

50 

0.041 

0.158 

0.26 

0.337 

0.402 

Table  G.22  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Hai  Gamma(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.006 

0.031 

0.066 

0.106 

0.147 

15 

0.006 

0.038 

0,084 

0.134 

0.184 

25 

0.01 

0.053 

0,116 

0.175 

0.231 

50 

0.024 

0.094 

0.165 

0.227 

0.283 

Table  G.23  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Hai  Gamma(l,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0,15 

0.20 

5 

0.011 

0.052 

0.102 

0.151 

0.201 

15 

0.009 

0.049 

0.1 

0.15 

0.2 

25 

0.01 

0.049 

0.099 

0.152 

0.204 

50 

0.01 

0.05 

0.101 

0.15 

0.198 

Table  G.24  Power  Study:  Kurtosis  Test  --  Hq:  Gainma(l,l);  -ffa* 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.006 

0.031 

0.066 

0.106 

0.147 

15 

0.006 

0.038 

0.084 

0.134 

0.184 

25 

0.01 

0.053 

0.116 

0.175 

0.231 

50 

0.024 

0.094 

0.165 

0.227 

0.283 
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Table  G.25 


Table  G.26 


Table  G.27 


Table  G.28 


Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Ha 


Sample 

1  Significance  Level 

Size 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.342 

0.419 

0.476 

0.519 

0.554 

15 

0.679 

0.735 

0.768 

0.793 

0.813 

25 

0.795 

0.842 

0.883 

0.9 

0.91 

50 

0.887 

0.905 

0.91 

0.912 

0.913 

Power  Study:  Kurtosis  Test  -  Hq: 

Gamma(l,l); 

Sample 

1  Significance  Level  | 

Size 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.004 

0.023 

0.052 

0.087 

0.124 

15 

0.009 

0.065 

0.145 

0.225 

0,303 

25 

0,04 

0.195 

0.38 

0.519 

0.627 

50 

0,373 

0.764 

0.895 

0.946 

0.969 

Power  Study:  Kurtosis  Test  -  Hq: 

Gamma(l,l); 

Sample 

Significance  Level  | 

Size 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.004 

0.023 

0.053 

0.088 

0.125 

15 

0.012 

0.081 

0.18 

0.277 

0.363 

25 

0.061 

0.284 

0.507 

0.656 

0.759 

50 

0.599 

0.93 

0.983 

0.994 

0.998 

Power  Study:  Kurtosis  Test  -  Hq\  Geimma(l,l);  Ha‘. 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0,095 

0.18 

0.249 

0.305 

0.354 

15 

0.277 

0.385 

0.453 

0.503 

0.548 

25 

0.379 

0.495 

0.583 

0.648 

0.693 

50 

0.552 

0.719 

0.802 

0.846 

0,875 

:  XCauchy(0,l) 


^a-  Beta(2,3) 


Beta(2,2) 


Xdouble  -  Exp. 
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G,2  Hq:  Gamma  (P  =  3,5) 


G,2.1  Skewness  Test  Results. 

Table  G.29  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha-  Uniform(0,2) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.018 

0.071 

0.124 

0.176 

0.225 

15 

0.057 

0.2 

0.326 

0.422 

0.502 

25 

0.158 

0.422 

0.584 

0.681 

0.754 

50 

0.586 

0.853 

0.933 

0.965 

0.979 

Table  G.30  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.55l);  Ha:  Norm(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.016 

0.071 

0.132 

0.193 

0.246 

15 

0.115 

0.258 

0.364 

0.442 

0.505 

25 

0.242 

0.45 

0.563 

0.636 

0.688 

50 

0.555 

0.754 

0.833 

0.875 

0.902 

Table  G.31  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Hq:  Weibull(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.01 

0.05 

0.097 

0.147 

0.196 

15 

0.013 

0.058 

0.112 

0.164 

0.216 

25 

0.018 

0.079 

0.142 

0.199 

0.256 

50 

0.033 

0.123 

0.209 

0.281 

0.346 

Table  G.32  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha:  Gamma(3.5,l) 


Sample 

Size 

1  Significance  Level  | 

1  0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.05 

0.1 

0.149 

0.198 

15 

0.011 

0.05 

0.101 

0.152 

0.201 

25 

0.01 

0.051 

0.101 

0.153 

0.203 

50 

0.01 

0.05 

0.099 

0.149 

0.197 

G-7 


Table  G.33 


Table  G.34 


Table  G.35 


Table  G.36 


Table  G.37 


Table  G.38 


Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha-  Gamma(2,l) 


Sample 

Size 

Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.011 

0.057 

0.108 

0.158 

0.207 

15 

0.015 

0.06 

0.113 

0.166 

0.218 

25 

0.018 

0.069 

0.127 

0.181 

0.233 

50 

0.02 

0.08 

0.146 

0.205 

0.262 

Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha:  Gamma(l,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.025 

0.089 

0.148 

0.201 

0.249 

15 

0.044 

0.126 

0.207 

0.277 

0.337 

25 

0.057 

0.169 

0.265 

0.342 

0.407 

50 

0.089 

0,248 

0.377 

0.471 

0.545 

Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha:  Beta(2,3) 


Sample 

Size 

Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.01 

0.051 

0.098 

0.144 

0.194 

15 

0.02 

0.09 

0.167 

0.234 

0.295 

25 

0.041 

0.166 

0.274 

0.363 

0.44 

50 

0.153 

0,409 

0.572 

0.676 

0.75 

Power  Study:  Skewness  Test  -  Hq:  Gamma(3.55l);  Ha-  Beta(2,2) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0,15 

0.20 

5 

0.012 

0.064 

0.119 

0.172 

0.226 

15 

0.063 

0.206 

0.331 

0.426 

0.502 

25 

0.162 

0.428 

0.587 

0.684 

0.753 

50 

0.582 

0.851 

0.931 

0.963 

0.978 

Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha:  XCauchy(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.401 

0.491 

0.543 

0.583 

0.613 

15 

0.783 

0,863 

0.891 

0.909 

0.92 

25 

0.916 

0.945 

0.953 

0.956 

0.959 

50 

0.934 

0.935 

0.935 

0.935 

0.935 

Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha:  Lognormal(0,l) 


Sample 

Size 

■npM 

5 

0.051 

0.141 

0.214 

0.275 

0.325 

15 

0.169 

0.309 

0.415 

0.49 

0,549 

25 

0.261 

0.456 

0.572 

0.644 

0.698 

50 

0,458 

0.691 

0.795 

0.85 

0.886 
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Table  G.39 


Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha-  X^(l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.072 

0.174 

0.247 

0.305 

0.353 

15 

0.122 

0.269 

0.386 

0.475 

0.545 

25 

0.17 

0.382 

0.518 

0.612 

0.679 

50 

0.284 

0.577 

0.731 

0.812 

0.863 

Table  G.40  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Ha:  X^(4) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.011 

0.057 

0.108 

0.158 

0.207 

15 

0.015 

0.06 

0.113 

0.166 

0.218 

25 

0.018 

0.069 

0.127 

0.181 

0.233 

50 

0.02 

0.08 

0.146 

0.205 

0.262 

Table  G.41  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  XLogistic(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.202 

0.326 

0.402 

0.456 

0.498 

15 

0.488 

0.662 

0.755 

0.806 

0.843 

25 

0.689 

0.849 

0.909 

0.938 

0.955 

50 

0.924 

0.98 

0.992 

0.995 

0.997 

Table  G.42  Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5,l);  Hai  Xdouble  -  Exp. 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.157 

0.268 

0.341 

0.397 

0.443 

15 

0.451 

0.614 

0.698 

0.752 

0.79 

25 

0.657 

0.81 

0.872 

0.903 

0.924 

50 

0.904 

0.968 

0.984 

0.99 

0.993 
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G.2.2  Kurtosis  Test  Results. 


Table  G.43 


Table  G.44 


Table  G.45 


Table  G.46 


Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5,l);  Ha'.  Uniform(0,2) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.014 

0.064 

0.122 

0.178 

0.232 

15 

0.061 

0.201 

0.314 

0.403 

0.473 

25 

0.195 

0.446 

0.604 

0.695 

0.763 

50 

0.707 

0.919 

0.97 

0.987 

0.993 

Power  Study:  Kurtosis  Test  -  Ho'-  Gamma(3.5,l);  Ha'.  Norm(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.006 

0.035 

0.076 

0.116 

0.16 

15 

0.004 

0.025 

0.054 

0.088 

0.124 

25 

0.005 

0.026 

0.059 

0.092 

0.13 

50 

0.007 

0.041 

0.093 

0.147 

0.207 

Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5,l);  Ha-  Weibull(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.008 

0.046 

0.09 

0.137 

0.184 

15 

0.008 

0.039 

0,082 

0.127 

0.173 

25 

0.009 

0.044 

0.095 

0.144 

0.193 

50 

0.016 

0.071 

0.138 

0.199 

0.258 

Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5,l);  Ha‘.  Gamma(3.5,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.15 

0.20 

5 

0.01 

0.051 

0.101 

0.15 

0.2 

15 

0.011 

0.052 

0.102 

0.152 

0.201 

25 

0.011 

0.05 

0.1 

0.151 

0.201 

50 

0.01 

0.049 

0.101 

0.151 

0.201 
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Table  G.47  Power  Study:  Kurtosis  Test  -  H^:  Gamma(3.5,l);  Gamina(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.014 

0.065 

0.121 

0.177 

0.23 

15 

0.019 

0.074 

0.134 

0.19 

0.245 

25 

0.02 

0.075 

0.136 

0.193 

0.246 

50 

0.02 

0.076 

0.135 

0.193 

0.248 

Table  G.48  Power  Study:  Kurtosis  Test  -  Fq:  Gamma(3.5,l);  ifa*  Gamma(l,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.03 

0.108 

0.178 

0.241 

0.298 

15 

0.043 

0.123 

0.198 

0.266 

0.325 

25 

0.047 

0.137 

0.22 

0.285 

0.343 

50 

0.06 

0.165 

0.259 

0.331 

0.398 

Table  G.49  Power  Study:  Kurtosis  Test  -  Gainma(3.5,l);  Ha-  Beta(2,3) 


Sample 

Size 

Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.008 

0.043 

0.089 

0.136 

0.182 

15 

0.011 

0.059 

0.112 

0.163 

0.213 

25 

0.023 

0.094 

0.177 

0.251 

0.32 

50 

0.078 

0.266 

0.427 

0.539 

0.633 

Table  G.50  Power  Study:  Kurtosis  Test  -  Hq:  Garama(3.5,l);  Ha'  Beta(2,2) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.009 

0.043 

0.086 

0.132 

0.179 

15 

0.015 

0.073 

0.14 

0.2 

0.258 

25 

0.036 

0.145 

0.259 

0.352 

0.433 

50 

0.168 

0.461 

0.659 

0.775 

0.847 

Table  G.51  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5,l);  Ha-  XCauchy(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.398 

0.493 

0.552 

0.595 

0,63 

15 

0.752 

0.809 

0.847 

0.875 

0.89 

25 

0.872 

0.916 

0.93 

0.937 

0.94 

50 

0.911 

0.915 

0,915 

0.915 

0.915 

Table  G.52  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5,l);  ^a*  Lognormal(0,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

0.053 

0.156 

0.236 

0.304 

0.362 

0.152 

0.268 

0.354 

0,425 

0.488 

0.207 

0.364 

0.468 

0.538 

0.597 

50 

0.342 

0.543 

0.652 

0.72 

0.767 
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Table  G.53  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5,l);  Ha-  X^(l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.08 

0.198 

0.286 

0.356 

0.413 

15 

0.106 

0.219 

0.304 

0.379 

0.445 

25 

0.124 

0.27 

0.381 

0.46 

0.522 

50 

0.169 

0.369 

0.505 

0.594 

0.661 

Table  G.54  Power  Study:  Kurtosis  Test  -  Hq:  Gainma(3.5,l);  Ha' 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.014 

0.065 

0.121 

0.177 

0.23 

15 

0.019 

0.074 

0.134 

0.19 

0.245 

25 

0.02 

0.075 

0.136 

0,193 

0.246 

50 

0.02 

0.076 

0.135 

0.193 

0.248 

Table  G.55  Power  Study:  Kurtosis  Test  -  Hq:  Ganima(3.5);  Ha'  XLogistic(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.204 

0.338 

0.423 

0.483 

0.532 

15 

0.445 

0.567 

0.649 

0.717 

0.761 

25 

0.583 

0.746 

0.82 

0.863 

0.891 

50 

0.83 

0.931 

0.962 

0.975 

0.982 

Table  G.56  Power  Study:  Kurtosis  Test  -  Gamma(3.5,l);  Ha*  Xdouble  -Exp. 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.156 

0.272 

0.349 

0.41 

0.461 

15 

0.417 

0.536 

0.615 

0.681 

0.725 

25 

0.561 

0.721 

0.794 

0.836 

0.866 

50 

0.815 

0.918 

0.952 

0.967 

0.976 
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Appendix  H.  Individual  One-Tailed  Test  Power  Results 


H.l  Ho:  Gamma  (0  =  1) 


H.1.1  Lower  Tail  Skewness  Test  Results. 


Table  H.l  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha'.  Normal(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.061 

0.222 

0.337 

0.435 

0.518 

15 

0.471 

0.708 

0,812 

0.866 

0.9 

25 

0.753 

0.898 

0.943 

0.964 

0.976 

50 

0.973 

0.993 

0,997 

0.999 

0.999 

Table  H.2  Power  Study:  Skewness  Test  -  Ho'.  Gamma(l,l);  Ha'.  Weibull(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.031 

0.135 

0.229 

0.312 

0.39 

15 

0.164 

0.382 

0.527 

0.625 

0.695 

25 

0.314 

0.571 

0.702 

0.779 

0.832 

50 

0.622 

0.826 

0.899 

0.934 

0.954 

Table  H.3  Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha'.  Gamma(3.5,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.024 

0.109 

0.189 

0.267 

0.335 

15 

0.088 

0.24 

0.362 

0.451 

0.523 

25 

0.146 

0.334 

0.459 

0.548 

0.616 

50 

0.276 

0.494 

0,618 

0.692 

0.749 
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H.1.2  Upper  Tail  Skewness  Test  Results. 


Table  H.4 


Table  H.5 


Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha'-  Lognorm(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.026 

0.096 

0.165 

0.227 

0,285 

15 

0,08 

0.183 

0.273 

0.347 

0.412 

25 

0.111 

0.244 

0.348 

0.43 

0.499 

50 

0.179 

0.366 

0.486 

0.571 

0.638 

Power  Study:  Skewness  Test  -  Hq:  Gamma(l,l);  Ha’-  XLogistic(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.153 

0.275 

0.358 

0.424 

0.478 

15 

0.349 

0.504 

0.623 

0.699 

0.755 

25 

0.474 

0.672 

0.773 

0.832 

0.874 

50 

0.712 

0.879 

0.934 

0.958 

0.972 
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HA, 3  Lower  Tail  Kurtosis  Test  Results, 


Table  H.6  Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Ha-  Normal(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.005 

0.035 

0.078 

0.129 

0.183 

15 

0.008 

0.067 

0.164 

0.271 

0.385 

25 

0.02 

0.155 

0.338 

0.495 

0.62 

50 

0.142 

0.519 

0.732 

0.842 

0.902 

Table  H.7  Power  Study:  Kurtosis  Test  -  jffo*  Gamma(l,l);  Uniform(0,2) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.013 

0.07 

0.143 

0.216 

0.287 

15 

0.097 

0.377 

0.593 

0.732 

0.829 

25 

0.403 

0.814 

0.938 

0.974 

0.988 

50 

0.986 

1 

1 

1 

1 

Table  H.8  Power  Study:  Kurtosis  Test  -  Hq\  Gamma(l,l);  Ha-  Gamma(3.5,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.007 

0.039 

0.086 

0.137 

0.192 

15 

0.01 

0.068 

0.153 

0.239 

0.329 

25 

0.02 

0.126 

0.248 

0.352 

0.44 

50 

0.074 

0.256 

0.391 

0.493 

0.57 
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H.1.4  Upper  Tail  Kurtosis  Test  Results. 


Table  H.9 


Table  H.IO 


Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Ha-  Lognorm(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.026 

0.095 

0.162 

0.224 

0.279 

15 

0.077 

0.175 

0.256 

0.325 

0.389 

25 

0.105 

0.221 

0.32 

0.398 

0.465 

50 

0.156 

0.325 

0.439 

0.524 

0.593 

Power  Study:  Kurtosis  Test  -  Hq:  Gamma(l,l);  Ha'.  XLogistic(0,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.151 

0.27 

0.35 

0.412 

0.462 

15 

0.336 

0.474 

0.562 

0.634 

0.701 

25 

0.439 

0.603 

0.713 

0.775 

0.822 

50 

0.633 

0.819 

0.889 

0.924 

0.947 
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H.2  Ho:  Gamma  (0  =  3.5) 


H.2.1  Lower  Tail  Skewness  Test  Results. 


Table  H.ll 


Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5); 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.017 

0.075 

0.145 

0.213 

0.279 

15 

0.038 

0.166 

0.291 

0.394 

0.484 

25 

0.077 

0.274 

0.439 

0.562 

0.655 

50 

0.241 

0.572 

0.75 

0.844 

0.902 

Beta(2,3) 
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H.2.2  Upper  Tail  Skewness  Test  Results. 


Table  H.12 


Table  H.13 


Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5);  Ha'.  Gamma(l,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.039 

0.127 

0.205 

0.274 

0.335 

15 

0.066 

0.202 

0.324 

0.422 

0.501 

25 

0.09 

0.263 

0.402 

0.508 

0.596 

50 

0.14 

0.376 

0.544 

0.656 

0.738 

Power  Study:  Skewness  Test  -  Hq:  Gamma(3.5);  Ha'.  Gamma(2,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.016 

0.07 

0.131 

0.188 

0.243 

15 

0.024 

0.093 

0.171 

0.244 

0.307 

25 

0.029 

0.111 

0.195 

0.273 

0.342 

50 

0.036 

0.137 

0.238 

0.324 

0.405 
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H.2.3  Lower  Tail  Kurtosis  Test  Results. 


Table  H.14 


Table  H.15 


Power  Study:  Kurtosis  Test  -  ffo:  Gamma(3.5);  Ha'-  Beta(2,2) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.012 

0.061 

0.124 

0.183 

0.241 

15 

0.03 

0.139 

0.256 

0.357 

0.449 

25 

0.065 

0.259 

0.433 

0.571 

0.678 

50 

0.266 

0.659 

0.847 

0.926 

0.963 

Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5);  Ha‘  Uniform(0,2) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.021 

0.09 

0.165 

0.234 

0.297 

15 

0.103 

0.314 

0.472 

0.588 

0.674 

25 

0.282 

0.604 

0.763 

0.853 

0.906 

50 

0.81 

0.97 

0.993 

0.998 

0.999 
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H.2.4  Upper  Tail  Kurtosis  Test  Results. 


Table  H.16 


Table  H.17 


Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5);  Ha'-  Gamnia(l,l) 


Sample 

Size 

1  Significance  Level 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.037 

0.115 

0.183 

0.241 

0.293 

15 

0.057 

0.159 

0.256 

0.334 

0.402 

25 

0.068 

0.198 

0.302 

0.392 

0.464 

50 

0.091 

0.252 

0.384 

0.484 

0.566 

Power  Study:  Kurtosis  Test  -  Hq:  Gamma(3.5);  Ha'.  Gamina(2,l) 


Sample 

Size 

1  Significance  Level  | 

0.01 

0.05 

0.10 

0.15 

0.20 

5 

0.015 

0.066 

0.123 

0.176 

0.226 

15 

0.023 

0.084 

0.152 

0.212 

0.269 

25 

0.026 

0.094 

0.167 

0.234 

0.295 

50 

0.028 

0.107 

0.191 

0.264 

0.331 
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Appendix  L  Matlab  Program 


LI  Critical  Values 

%  Initialize  values  for  3-parameter  Gamma 
theta  =  1;  %  (scale) 
beta  =  1;  %  (shape) 
delta  =  0;  %  (location) 

%  Convert  to  a  and  b  parameters  used  by  gamrnd  function 
a  =  beta; 
b  =  theta; 

numsamples  =  100000;  %  Number  of  trials 
for  n  =  5:5:50 

sprintf(’Starting  sample  size  n  =  %d\n’,n) 

skew  =  zeros (1, numsamples);  %  Preallocate  the  vectors 

kurt  =  zeros  (1, numsamples); 

for  i  =  l:numsamples 

X  =  gamrnd(a,b5ljn)H-delta; 

sk  =  skewness  (x); 

kt  =  kurtosis(x); 

skew(i)  =  skewness  (x); 

kurt(i)  =  kurtosis(x); 

if  rem(i,1000)  ==  0  disp(i);end 

end 

disp(’finished  generating’) 


%  Sort  the  arrays  in  ascending  order 
skew  =  sort  (skew); 
kurt  =  sort  (kurt); 
disp(’sorted’) 

%  For  the  given  sample  size  n,  find  upper  and  lower  tail  critical  values 
%  Step  through  alpha=0.005(0.005)0.10  and  0.10(0.10)0.20. 


alpha  =  0.005; 
step  =  0.005; 


while  alpha  <  0.21 
if  alpha  <=  0.10 
j  =  round(alpha*200); 
else 

j  =  round((alpha-f0.10)*100); 
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end  %  if 


i  =  round  (n/5);  %  Find  row  index  for  critvals  arrays 


skewuptail(  ij)=prctile(skew,  (1-alpha) *100);  %  Employ  percentile 
skewlotail(  i,j)=prctile(skew,  alpha*100);  %  function  to  find 
kurtuptail(  ij)=prctile(kurt,  (1-alpha) *100);  %  upper  and  low 
kurtlotail(  ij)=prctile(kurt,  alpha*100);  %  crivals 


if  alpha  >=  0.10 

step  =  0.01;  %  change  the  step  after  0.10 
end  %  if 

alpha  =  alpha  +  step;  %  Increment  alpha  for  the  next  level 
end  %  while 

sprintf(’Done  with  sample  size  %d\n’  ,n) 
end  %  for 
%  End  of  loops 

disp(’Saving  and  writing  to  files’) 

save  skewcrit  skewuptail  skewlotail;  %  Save  the  critvals  to 
save  kurtcrit  kurtuptail  kurtlotail;  %  binary  files 

format  =’%2d  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f 
%4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f  %4.3f 
%4.3f\n’; 


col  =  (5:5:50);  %  vector  to  keep  track  of  sample  sizes  in  output 

%  Send  tables  to  4  files  (upper/lower  skewness/kurtosis) 

table  =  [col’, skewuptail]; 
filel  =  fopen(’skewup.txt’,’w’); 

fprintf(filel,  ’Critical  Values  for  Skewness  -  Upper  Tail  \n’); 

fprintf (filel,  ’Shape  =  %d\n’,  beta); 

fprintf (filel,  ’\n’); 

fprintf(filel,  format,  table’); 

fclose(filel); 


table  =  [col’, skewlotail]; 
file2  =  fopen(’skewlo.txt’,’w’); 

fprintf(file2,  ’Critical  Values  for  Skewness  -  Lower  Tail  \n’); 

fprintf(file2,  ’Shape  =  %d\n’,  beta); 

fprintf(file2,  ’\n’); 

fprintf(file2,  format,  table’); 

fclose  (file2); 
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table  =  [coPjkurtuptail]; 

files  =  fopen(’kurtup.txtVw’); 

fprintf(file3,  ’Critical  Values  for  Kurtosis  -  Upper  Tail  \n’); 

fprintf(file3,  ’Shape  =  %d\n’,  beta); 

fprintf(file3,  ’\n’); 

fprintf(file3,  format,  table’); 

fclose  (files); 

table  =  [col’,  kurtlotail]; 
file4  =  fopen(’kurtlo.txt’,’w’); 

fprintf(file4,  ’Critical  Values  for  Kurtosis  -  Lower  Tail  \n’); 

fprintf(file4,  ’Shape  =  %d\n’,  beta); 

fprintf(file4,  ’\n’); 

fprintf(file4,  format,  table’); 

fclose  (file4); 
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L2  Attained  Significance  Levels 

%  Initialize  values  for  3-parameter  Gamma 
theta  =  1;  %  (scale) 
beta  =  1;  %  (shape) 
delta  =  0;  %  (location) 

%  Convert  to  a  and  b  parameters  used  by  gamrnd  function 
a  =  beta; 
b  =  theta; 

%  Number  of  trials  of  size  n  to  generate 
numsamples  =  100000; 

%  This  will  load 
%  kurtlotail  kurtuptail 
%  skewlotail  skewuptail 
load  kurtcritsl; 
load  skewcritsl; 


A  =  zeros(20,20,10);  %  Initialize  the  counter  array  to  all  Os 


for  n  =  5:5:50 

sprintf( ’Starting  sample  size  %d’,n) 
for  i  =  l:numsamples 

X  =  gamrnd(a,b,l)n)-fdelta;  %  Generates  a  Ixn  vector  of  Gamma  deviates 
sk  =  skewness  (x); 
kt  =  kurtosis(x); 
if  rem(i,1000)  ==  0  disp(i);  end 

%  Initialize  the  placeholders  for  this  particular  sample 
icurr  =  1  ;  jcurr  =  1  ; 
istop  =  21;  jstop  =  21; 

%  Conduct  the  Skewness  Test  (Test  #1)  at  all  alpha  levels  until 
%  we  find  a  failure,  then  save  that  point  in  istop. 

%  We’ll  use  alpha  levels  from  0.01  to  0.20.  The  corresponding 
%  critvals  for  the  two  sided  test  are  alpha/2  and  l-(alpha/2) 

%  and  correspond  to  columns  1  to  20  respectively  in  the  upper  and 
%  lower  tail  arrays  loaded  earlier.  Columns  21-30  in  these  arrays 

%  conduct  the  skewness  Test  (Test  #1) 
while  icurr  <  istop 
if  sk  <  skewlotail(n/5, icurr) 
istop  =  icurr; 

elseif  sk  >  skewuptail (n/5, icurr) 
istop  =  icurr; 
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end 


icurr  =  icurr  +  1;  %  Increment  icurr  if  passed  or  failed 
end  %  while 

%  If  it  failed,  the  resetting  of  istop 
%  will  force  loop  termination 
%  When  the  while  loop  ends,  istop  will 
%  equal  the  failure  point  (1-20)  or 
%  equal  21  if  it  passed  all  levels. 

%  Now  conduct  the  Kurtosis  Test  (Test  #2)  similarly 

while  jcurr  <  jstop 

if  kt  <  kurtlotail(n/5  jcurr) 

jstop  =  jcurr; 

elseif  kt  >  kurtuptail(n/5  jcurr) 

jstop  =  jcurr; 

end 


jcurr  =  jcurr  -f  1; 
end  %  for  while 

%  At  this  point  jstop  will  hold  the 
%  fail  point  (1-20)  if  it  failed; 

%  If  it  passed  all,  then  jstop  =  21 

%  Now  figure  out  which  cells  to  increment  in  the  counter  array. 

%  Fail  is  an  array  of  Os  and  is  indicating  what  levels  the 
%  sample  failed  Test  #1;  Fail2  is  the  similar  array  for  Test  #2. 

%  The  Inc  array  is  the  union  of  the  two  and  will  be  used  to  increment 
%  the  main  count  array  A. 

Faill  =  zeros(20,20);  %  Initialize  them  to  all  Os 
Fail2  =  zeros(20,20); 

Inc  =  zeros  (20,20); 

if  istop  <  21  Faill  (istop:20,:)  =  1;  end  %  Fill  in  Is  where  failed 
if  jstop  <  21  Fail2(:  jstop:20)  =  1;  end  %  unless  failed  none 


Inc  =  Faill  |  Fail2; 

A(:,:,n/5)  =  A(:,:,n/5)  +  Inc; 
end  %  for  loop  (i)-go  back  for  next  sample  of  size  n 
sprintf(Tinished  sample  size  %d-  going  to  next.  \n’,n); 
end  %  for  loop  (n)  -  now  change  sample  sizes 


%  Now  A  has  counts  for  all  sample  sizes  (5:5:50) 

A  =  A./numsamples;  %  Divide  by  numsamples  to  get  alpha  levels 
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%  Now  output  to  a  file 

save  sigtablel  A;  %  Save  A  to  a  binary  file  for  future  use 
filel  =  fopen(’sigtablel.txtVw’);  %  And  save  to  a  text  file 


format  =’%4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  & 
%4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f\\\\  \\hline  \n’; 


fprintf(filel, ’Table  for  Shape  =  %d  \n’,beta); 
for  n=5:5:50 

fprintf (filel, ’Significance  Levels  for  sample  size  %2d  \n’,n); 
fprintf  (filel , format ,  A  ( : , :  ,n/  5)  ’) ; 
fprintf(filel,’\n  \n’); 
end  %  for 


fclose(filel); 

disp(’Done:  File  saved.’) 
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L3  Power  Study  of  the  Sequential  Test 

%  Parameters  for  the  alternate  distribution  [Chi-squared(l)] 

%  a  =  0.5; 

%  b  =  1  ; 
v=  1 

numsamples  =  40000;  %  Number  of  trials  of  size  n  to  generate 


load  kurtcrit;  %  Load  the  critical  values  arrays  generated  for 
load  skewcrit; 

%  H0:Gamma(l,l)  from  the  critvals  simulation. 

%  load 

%  kurtlotail  kurtuptail 
%  skewlotail  skewuptail 

A  =  zeros(20,20,10);  %  Initialize  the  counter  array  to  all  Os 


n  =  5  ;  %  1st  Sample  size 

step  =  10;  %  Start  with  a  step  of  10  to  do  5,15,  and  25 

while  n  <  51  %  Cycle  until  you  step  past  sample  size  50 

sprintf( ’Starting  sample  size  %d’,n) 

for  i  =  linumsamples 
X  =chi2rnd(v,l,n); 
sk  =  skewness(x); 
kt  =  kurtosis(x); 
if  rem(i,1000)  ==  0  disp(i);  end 

%  Initialize  the  placeholders  for  this  particular  sample 
icurr  =  1;  jcurr  =  1; 
istop  =  21;  jstop  =  21; 

%  Conduct  the  Skewness  Test  (Test  #1)  at  all  alpha  levels  until 
%  we  find  a  failure,  then  save  that  point  in  istop. 

%  We’ll  use  alpha  levels  from  0.01  to  0.20.  The  corresponding 
%  crit  values  for  the  two  sided  test  are  alpha/2  and  l-(alpha/2) 

%  and  correspond  to  columns  1  to  20  respectively  in  the  upper  and 
%  lower  tail  arrays  loaded  earlier.  Columns  21-30  in  these  arrays 
%  are  not  needed  at  this  time 

%  concuct  the  skewness  Test  (Test  #1) 
while  icurr  <  istop 
if  sk  <  skewlotail(n/5, icurr) 
istop  =  icurr; 

elseif  sk  >  skewuptail(n/5, icurr) 
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istop  =  icurr; 
end  %  if 


icurr  =  icurr  +  1;  %  Increment  icurr  if  passed  or  failed 
end  %  while 

%  If  it  failed,  the  resetting  of  istop 
%  will  force  loop  termination 
%  When  the  while  loop  ends,  istop  will 
%  equal  the  failure  point  (1-20)  or 
%  equal  21  if  it  passed  all  levels. 

%  Now  conduct  the  Kurtosis  Test  (Test  #2)  similarly 

while  jcurr  <  jstop 

if  kt  <  kurtlotail(n/5  jcurr) 

jstop  =  jcurr; 

elseif  kt  >  kurtuptail(n/5  jcurr) 

jstop  =  jcurr; 

end 

jcurr  =  jcurr  H-  1; 
end  %  while 

%  At  this  point  jstop  will  hold  the 
%  fail  point  (1-20)  if  it  failed; 

%  If  it  passed  all,  then  jstop  =  21 


%  Now  figure  out  which  cells  to  increment  in  the  counter  array. 

%  Fail  is  an  array  of  Os  and  is  indicating  what  levels  the 
%  sample  failed  Test  #1;  Fail2  is  the  similar  array  for  Test  #2. 

%  The  Inc  array  is  the  union  of  the  two  and  will  be  used  to  increment 
%  the  main  count  array  A. 

Faill  =  zeros(20,20);  %  Initialize  them  to  all  Os 
Fail2  =  zeros(20,20); 

Inc  =  zeros(20,20); 

if  istop  <  21  Faill(istop:20,:)  =  1;  end  %  Fill  in  Is  where  failed 
if  jstop  <  21  Fail2(:  jstop:20)  =  1;  end  %  unless  failed  none 

Inc  =  Faill  |  Fail2; 

A(:,:,n/5)  =  A(:,:,n/5)  +  Inc; 

end  %  for  loop  (i)“go  back  for  next  sample  of  size  n 

sprintf( ’Finished  sample  size  %d-  going  to  next.  \n’,n); 

if  n==25  %  Once  you  hit  size  25,  jump  to  50  on  the  next  iteration 

step=25; 

end  %  if 

n  =  n  4*  step;  %  increment  n  for  the  next  sample  size 
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end  %  while  loop  (n)  -  now  change  sample  sizes 


%  Now  A  has  counts  for  all  sample  sizes  (5:5:50) 

A  =  A./numsamples;  %  Divide  by  numsamples  to  get  alpha  levels 


%  Now  output  to  a  file 

save  pwrchi21  A;  %  Save  A  to  a  binary  file 

filel  =  fopen(’pwrchi21.txtVw’);  %  And  save  to  a  text  file 

cols=[0.01:0.01:0.2];  %  labels  for  leftmost  column 

format  =’&  %3.2f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  k  %4.3f  &  %4.3f  &  %4.3f  k  %4.3f  k  %4.3f  k 
%4.3f  k  %4.3f  k  %4.3f  k  %4.3f  k  %4.3f  k  %4.3f  k  %4.3f  k  %4.3f  k  %4.3f  k  %4.3f  &  %4.3f\\\\ 
\\cline2-22  \n’; 

heading  =  ’  k  0.01  k  0.02  k  0.03  k  0.04  k  0.05  k  0.06  k  0.07  &  0.08  k  0.09  k  0.10  k  0.11  k  0.12 
k  0.13  k  0.14  k  0.15  k  0.16  k  0.17  k  0.18  k  0.19  k  0.20  \\\\  \\hline  \\hline  \n’; 


fprintf(filel, Tower  Study:  HO:  Gamma(0.5,l)  HI:  Chi-squared(l)  \n’); 
for  n=5:5:50 

^rintf(filel, Towers  for  sample  size  %2d  \n’,n); 

fprintf  (filel , heading) ; 

table=[cols’,A(:,:,n/5)]; 

fprintf  (filel , format , table’) ; 

fprintf  (filel, ’\n  \n’); 

end 

fclose(filel); 

disp(’Done:  File  saved.’) 
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L4  Power  Study  of  Individual  One-tailed  Test  (Lower  Tail  Skewness  Test) 

%  Parameters  for  the  alternate  distribution  [Weibull(0,2)] 

a=l; 

b=2; 

numsamples  =  40000; 
load  skewcrit; 


A  =  zeros(10,20); 

%  Initialize  the  failure  counter  array  to  all  Os 
%  1st  index  (rows)  tracks  sample  sizes  (5:5:50) 

%  2nd  index  (cols)  tracks  alpha  levels  (.01:.01:.20) 

n  =  5; 

step  =  10;  %  Start  with  a  step  of  10  to  do  5,15,  and  25 
while  n  <  51  %  Cycle  until  you  step  past  sample  size  50 
sprintf(’Starting  sample  size  %d’,n) 


for  i  =  l:numsamples 

X  =weibrnd(a,b,l,n);  %  Generates  a  Ixn  vector 

sk  =  skewness(x);  if  rem(i,1000)  ==  0  disp(i);  end  %  Helps  me  see  progress 


%  Initialize  the  placeholders  for  this  particular  sample 
jcurr  =  1; 
jstop  =  21; 
jindex  =  0; 


%  To  assign  a  proper  critval 
%  in  the  case  of  one-tailed  test 
%  critval  designed  for  two  sided  tests 
%  was  converted  to  one  -sided  test  by  this  array 
%  For  the  one  tailed  test  we  want  the  actual  .01*i 
%  critval,  so  we  must  change  the  reference. 

%  concuct  the  Skewness  Test  (1-tailed) 

while  jcurr  <  jstop 

if  jcurr  <=10 

jindex  =  jcurr  *2; 

else 

jindex  =  jcurr  -j-  10; 
end;  %  if 


I-IO 


if  sk  <  skewlotail(n/5  jindex) 
jstop  =  jcurr; 
end  %  if 

jcurr  =  jcurr  +  1;  %  Increment  icurr  if  passed  or  failed 
end  %  while 

%  At  this  point  jstop  willl  hold  the  fail  point  (1-20)  if  it  failed; 
%If  it  passed  all  then  jstop  =  21. 


%  Now  figure  out  which  cells  to  increment  in  the  counter  array. 

%  Fail  is  an  array  of  Os  and  is  indicating  what  levels  the 
%  sample  failed  Test  #1;  Fail2  is  the  similar  array  for  Test  #2. 

%  The  Inc  array  is  the  union  of  the  two  and  will  be  used  to  increment 
%  the  main  count  array  A. 

Fail  =  zeros(l,20);  %  Initialize  them  to  all  Os 

if  jstop  <  21  Fail(l  jstop:20)  =  1;  end 

%  Fill  in  Is  where  failed 
%  unless  failed  none 

A(n/5,:)  =  A(n/5,:)  +  Fail; 

end  %  for  loop  (i)-go  back  for  next  sample  of  size  n 

sprintf( ’Finished  sample  size  %d-  going  to  next.  \n’,n); 

if  n==25  %  Once  you  hit  size  25,  jump  to  50  on  the  next  iteration 

step=25; 

end  %  if 

n  =  n  +  step;  %  increment  n  for  the  next  sample  size 

end  %  while  loop  (n)  -  now  change  sample  sizes 

%  Now  A  has  counts  for  all  sample  sizes  (5:5:50) 

A  =  A./numsamples;  %  Divide  by  numsamples  to  get  alpha  levels 

%  Now  output  to  a  file 

save  pltsklowweib  A;  %  Save  A  to  a  binary  file 

filel  =  fopen(’pltsklowweib.txtVw’);  %  And  save  to  a  text  file 


I-ll 


format  %2d  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  &  %4.3f  \\ \\  \n’; 

heading  =  ^Size  &  0.01  &  0.05  &  0.10  &  0.15  &  0.20  \\\\  \\hline  \\hline  \n’; 

fprintf(filel, Tower  Study:  Lower  Tail  Skewness  Test  -HO:  Gamma(l,l)  HI:  Weibull(l,2)  \n’); 


fprintf  (filel , heading) ; 


for  n=5:5:50 

row=[n,A(n/5,[l  5  10  15  20])]; 
fprintf(filel, format, row); 
fprintf(filel,’\n  \n’); 
end  %  for 

fclose(filel); 

disp(Tone:  File  saved.’) 
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L5  Plots  for  Critical  Values 
%  Critical  Value  Plot  Script  ’M’  files 

%  Sour  Data  Critical  Value  (Skewness  and  Kurtosis)  from  Matlab 


load  skewcrit  %  load  skewness  (kurtosis)  value  for  each  shape  parameters 
load  kurtcrit  %  for  three-parameter  Gamma  Distribution 


x=5:5:50; 

subplot  (2, 1,1); 

plot(x,  skewlotail(:,  2)/b’,  x,skewlotail(:,  20), ’g.’,  x,  skewlotail(:,  30),’r*’,x,  skewuptail(:,  2), ’bo’, 
x,skewuptail(:,  20), ’gx’,  x,  skewuptail(:,  30),’r-l-’,x,  skewlotail(:,  2),’b’,x,skewlotail(:,  20),’g’,x,  skewlotail(:, 
30),’r’,x,  skewuptail(:,  2),’b’,x,skewuptail(:,  20),’g’,x,  skewuptail(;,  30), ’r’); 
xlabel(’Sample  Size  (n)’); 
ylabel(’Skewness  Value’); 

title(’Skewness  Lower  and  Upper  Tail  Critical  Values  of  Significance 
Level(\alpha)’); 

subplot (2,1, 2);  plot(x,  kurtlotail(:,  2),’b’,  x,kurtlotail(:,  20), ’g.’,  x,  kurtlotail(:,  30),’r*’,x,  kurtup- 
tail(:,  2), ’bo’,  x,kurtuptail(:,  20), ’gx’,  x,  kurtuptail(:,  30),’r+’,x,  kurtlotail(:,  2),’b’,x,kurtlotail(:, 
20),’g’,x,  kurtlotail(:,  30),’r’,x,  kurtuptail(:,  2),’b’,x,kurtuptail(:,  20),’g’,x,  kurtuptail(:,  30), ’r’); 
xlabel(’Sample  Size  (n)’); 
ylabel(’Kurtosis  Value’); 

title(’Kurtosis  Lower  and  Upper  Tail  Critical  Values  of  Significance  Level((\alpha)’); 
legend(’0.01’,’0.1’,’0.2’, ’0.99’, ’0.90’, ’0.80’,4); 
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L6  Contour  Plots 

load  sigtable;  %  choose  an  appropriate  file  name  for  each  shape 

x=0.01:,01:.20;  %  Labeling  the  axes 
y=x; 

v=.01:.01:.30;  %  Desired  contour  levels 
S10=A(:,:,1);  %  pick  off  sample  size  5 
[slOlabel,  h]=contour(x,y,S10,v); 
clabel(sl01abel,h, ’manual’) ; 


0.10’; 


’0.15’; 


0.20’;]; 


set(gca,’XTick’,x)  %  Adjust  the  x-axis  tick  marks 

set(gca,’YTick’,y) 

set  (gca, ’XTickLabel’ , labels) 

set  (gca, ’YTickLabel’ , labels) 

title( ’Attained  \alpha-Levels’); 

grid; 

xlabel(’\alpha-level  of  Kurtosis  Test’); 
ylabel(’\alpha-level  of  Skewness  Test’); 
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L7  Power  Comparison  Plots 

%  Power  Plot  Ho:  Gamma  (shape,  scale)  Ha:  Alternative  Dist.  (parameter) 
%  Compare  the  power  of  the  sequential  test  with  the  two-sided  tests 


% - Sample  Size  5 - 

subplot(2,l,l) 
load  sigtable; 

Level=  A(:,:,l);  %  Load  the  significance  levels  of  the  sample  size  5 
clear  A; 

load  pwrbeta22; 

Power  =  A(:,:,l);  %  Load  the  power  for  the  same  sample  size 
clear  A; 

Power=Power(:); 

Level=Level(:); 

[sLevel  i]  =  sort  (Level);  %  Sort  the  levels  and  save  the  indicies  to 
sPower  =  Power (i);  %  sort  the  corresponding  powers  pairwise 


%  Data  for  the  Power  for  the  2-sided  Kurtosis  Test 

load  ../••/••  /indiv /comm /kurt /shl  /ptwoktbet a22; 
Kpower  =  A(l,:);  %  Adjust  1st  index  acc  to  sample  size 
clear  A; 

Klevel  =  .01:.01:.20;  %  Vector  of  corresponding  sig  levels 


%  Data  for  the  Power  for  the  2-sided  Skewness  Test 

load  /indiv /comm /skew /shl /pwrtwoskbeta22; 

SKpower  =  A(l,:);  %  Adjust  1st  index  acc  to  sample  size 
clear  A; 


plot(sLevel,  sPower,  Klevel,  Kpower, ’go’,  Klevel,  SKpower, ’r*’) 
title(’Sample  Size(n)  =  5’) 
xlabel(’SIG.  LEVEL’) 
ylabel(’POWER’) 


% 


■Sample  Size  15 


subplot(2,l,2) 
load  sigtablel; 

Levels  A(:,:,3);  %  Load  the  significance  levels  of  the  sample  size 
clear  A; 

load  pwrbeta22; 

Power  =  A(:,:,3);  %  Load  the  power  for  the  same  sample  size  15 
clear  A; 

Power=Power(:); 

Level=Level(:); 
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[sLevel  i]  =  sort  (Level);  %  Sort  the  levels  and  save  the  indices  to 
sPower  =  Power  (i);  %  sort  the  corresponding  powers  pairwise 

%  Data  for  the  Power  for  the  2-sided  Kurtosis  Test 

load  ,./*7*7i^div/comm/kurt/shl/ptwoktbeta22; 

Kpower  =  A(3,:);  %  Adjust  1st  index  acc  to  sample  size 
clear  A; 

Klevel  =  .01:.01:.20;  %  Vector  of  corresponding  sig.  levels 


%  Data  for  the  Power  for  the  2-sided  Skewness  Test 
load 

SKpower  =  A(3,:);  %  Adjust  1st  index  acc  to  sample  size 
clear  A; 

plot(sLevel,  sPower,  Klevel,  Kpower,  ’go’, Klevel,  SKpower,’r*’) 
title(’n  =  15’) 
xlabel(’SIG.  LEVEL’) 
ylabel(’POWER’) 

legend( ’Sequential  Test’, ’Kurtosis  Test’, ’Skewness  Test’,4) 
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